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A1 Derivation of the Optimal Variational Distribution

The entries in Θ are denoted by θst, s, t = 1, . . . , K. The logarithm of the joint probability

function in the main text is

log Pr(Y, β̃,γ|X; Φ) =
∑

n

logN (

p∑

j=1

Xnjβj,Θ
−1) +

∑

j

∑

k

logN (0, σ2
βk

)

+
∑

j

∑

k

[γjk log ak + (1− γjk) log(1− ak)]

=
∑

n

[
−K

2
log(2π) +

1

2
log |Θ| − 1

2
(yn −

p∑

j=1

Xnjβj)
>Θ(yn −

p∑

j=1

Xnjβj)

]

+
∑

j

∑

k

[
−1

2
log(2πσ2

βk
)−

β̃2
jk

2σ2
βk

]

+
∑

j

∑

k

[γjk log ak + (1− γjk) log(1− ak)]

=− 1

2

∑

n

[∑

s

∑

t

θst

(
Yns −

∑

j

Xnjγjsβ̃js

)(
Ynt −

∑

j

Xnjγjtβ̃jt

)]

+
N

2
log |Θ| − p

2

∑

k

log(σ2
βk

)−
∑

j

∑

k

β̃2
jk

2σ2
βk

+
∑

j

∑

k

[γjk log ak + (1− γjk) log(1− ak)] + const.

(A1)

As stated in the main text, we consider variational distributions of the form

q(β̃,γ) =
∏

j=1

∏

k=1

[
q(β̃jk|γjk)q(γjk)

]
.

With this family of variational distributions, the optimal q∗(β̃jk, γjk) maximizing the lower

bound Lq has the form

log q∗(β̃jk, γjk) = E(j′,k′)6=(j,k)

[
log Pr(Y, β̃,γ|X; Φ)

]
+ const. (A2)
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Decomposing (A1) into terms involving and not involving (β̃jk, γjk), we get

log Pr(Y, β̃,γ|X; Φ)

=− 1

2

∑

n

∑

s

∑

t

θst

(
Yns −

∑

j′ 6=j
Xnj′γj′sβ̃j′s

)(
Ynt −

∑

j′ 6=j
Xnj′γj′tβ̃j′t

)

+
1

2

∑

n

∑

s

∑

t

θst

(
Yns −

∑

j′ 6=j
Xnj′γj′sβ̃j′s

)
Xnjγjtβ̃jt

+
1

2

∑

n

∑

s

∑

t

θst

(
Ynt −

∑

j′ 6=j
Xnj′γj′tβ̃j′t

)
Xnjγjsβ̃js

− 1

2

∑

n

∑

s

∑

t

θstX
2
njγjsβ̃jsγjtβ̃jt

+
N

2
log |Θ| − p

2

∑

k

log(σ2
βk

)−
β̃2
jk

2σ2
βk

−
∑

(j′,k′) 6=(j,k)

β̃2
j′k′

2σ2
βk′

+ [γjk log ak + (1− γjk) log(1− ak)] +
∑

(j′,k′)6=(j,k)

[γj′k′ log ak′ + (1− γj′k′) log(1− ak′)]

+ const.

(A3)

When γjk = 1, we have

log q∗(β̃j|γjk = 1)

=

(
−1

2
X>j Xjθkk −

1

2σ2
βk

)
β̃2
jk

+

[∑

t

θktX
>
j Yt −

∑

t

θkt
∑

j′ 6=j
E(γj′tβ̃j′t)X

>
j′Xj −

∑

t6=k
θktE(γjtβ̃jt)X

>
j Xj

]
β̃jk

+ const,

(A4)

from which we can see that the posterior of q(β̃j|γjk = 1) ∼ N (µjk, s
2
jk):

s2jk =
1

X>j Xjθkk + 1
σ2
βk

,

µjk =

∑
t θktX

>
j Yt −

∑
t θkt

∑
j′ 6=j E(γj′tβ̃j′t)X

>
j′Xj −

∑
t6=k θktE(γjtβ̃jt)X

>
j Xj

X>j Xjθkk + 1
σ2
βk

.

(A5)

3



Similarly, when γjk = 0, we have

log q∗j (β̃jk|γjk = 0) = −
β̃2
jk

2σ2
βk

+ const,

Thus q∗(β̃jk|γjk = 0) = N (0, σ2
βk

). This implies that the posterior distribution of β̃jk will be

the same as its prior if this variable is irrelevant (γjk = 0). Note that γjk is a binary variable

and then denote αjk = q(γjk = 1). Therefore we have

q∗(β̃, γ) =
∏

j

∏

k

[
α
γjk
jk (1− αjk)1−γjkN (µjk, s

2
jk)

γjkN (0, σ2
βk

)1−γjk
]
. (A6)

A2 Evaluation of the Lower Bound

Now we evaluate the first part of the lower bound L(q).

− Eq

[
log q(β̃,γ)

]

=−
∑

j

∑

k

[Eq(γjk) logαjk + (1− Eq(γjk)) log(1− αjk)]

−
∑

j

∑

k

[
Eq

(
γjk logN (µjk, s

2
jk)
)

+ Eq

(
(1− γjk) logN (0, σ2

βk
)
)]
.

(A7)

The first expectation on the previous line is

Eq

[
γjk logN (µjk, s

2
jk)
]

=Eq

[
γjk log q(β̃jk|γjk = 1)

]

=
∑

γjk

∫

β̃jk

γjk log q(β̃jk|γjk = 1)q(β̃jk|γjk)q(γjk)dβ̃jk

=αjk

∫

β̃jk

log q(β̃jk|γjk = 1)q(β̃jk|γjk = 1)dβ̃jk

=αjk

[
−1

2
(1 + log 2π)− 1

2
log s2jk

]
,
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where the last equality is based on the entropy of a Gaussian distribution. Similarly,

Eq

(
(1− γjk) logN (0, σ2

βk
)
)

= (1− αjk)
[
−1

2
(1 + log 2π)− 1

2
log σ2

βk

]
. Overall, we have

− Eq

[
log q(β̃,γ)

]

=−
∑

j

∑

k

[αjk logαjk + (1− αjk) log(1− αjk)]

+
1

2

∑

j

∑

k
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(
1 + log 2π + log s2jk

)
+ (1− αjk)

(
1 + log 2π + log σ2

βk
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=−
∑
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+
1
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∑
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∑

k

αjk log
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βk
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p

2

∑

k

log σ2
βk

+
Kp

2
(1 + log 2π)

(A8)

The second part of L(q):

Eq

[
log Pr(Y, β̃,γ|X; Φ)

]

=− 1

2

∑

n

[∑

s

∑

t

θstEq

(
Yns −

∑

j

Xnjγjsβ̃js

)(
Ynt −

∑

j

Xnjγjtβ̃jt

)]

+
N

2
log |Θ| − p

2

∑

k

log(σ2
βk

)−
∑

j

∑

k

Eqβ̃
2
jk

2σ2
βk

+
∑

j

∑

k

[Eqγjk log ak + (1− Eqγjk) log(1− ak)] + const.

(A9)
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The expectation in the first term

Eq

(
Yns −

∑

j

Xnjγjsβ̃js

)(
Ynt −

∑

j

Xnjγjtβ̃jt

)

=YnsYnt − Yns
∑

j

XnjEq(γjtβ̃jt)− Ynt
∑

j

XnjEq(γjsβ̃js) + Eq

(∑

j

Xnjγjsβ̃js
∑

j

Xnjγjtβ̃jt

)

=YnsYnt − Yns
∑

j

XnjEq(γjtβ̃jt)− Ynt
∑

j

XnjEq(γjsβ̃js)
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(∑

j

Xnjγjsβ̃js
∑

j′ 6=j
Xnj′γj′tβ̃j′t

)
+ Eq

(∑

j

X2
njγjsγjtβ̃jsβ̃jt

)

=YnsYnt − Yns
∑

j

XnjEq(γjtβ̃jt)− Ynt
∑

j

XnjEq(γjsβ̃js)

+
∑

j

XnjEq

(
γjsβ̃js

)∑

j′ 6=j
Xnj′Eq

(
γj′tβ̃j′t

)
+
∑

j

X2
njEq

(
γjsγjtβ̃jsβ̃jt

)
.

(A10)

It’s easy to verify that

Eq(γjsβ̃js) = αjsµjs,

Eqβ̃
2
jk = αjk(µ

2
jk + s2jk) + (1− αjk)σ2

βk
,

Eq(γjsγjtβ̃jsβ̃jt) = αjsαjtµjsµjt,

Eq(γ
2
jsβ̃

2
js) = αjs(µ

2
js + s2js).

(A11)
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Plugging these expectations in (A9) and combing with (A8), the lower bound is given by

Lq =− 1

2

∑

n

∑

s

∑

t

θst

[
YnsYnt − Yns

∑

j

XnjEq(γjtβ̃jt)− Ynt
∑

j

XnjEq(γjsβ̃js)

+
∑
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XnjEq

(
γjsβ̃js

)∑

j′ 6=j
Xnj′Eq

(
γj′tβ̃j′t

)
+
∑

j

X2
njEq

(
γjsγjtβ̃jsβ̃jt

)]

+
N

2
log |Θ| − p

2

∑

k

log(σ2
βk

)−
∑

j

∑

k

Eqβ̃
2
jk

2σ2
βk

+
∑

j

∑

k

[Eqγjk log ak + (1− Eqγjk) log(1− ak)]

−
∑

j

∑

k

[αjk logαjk + (1− αjk) log(1− αjk)]

+
1

2

∑

j

∑

k

αjk log
s2jk
σ2
βk

+
p

2

∑

k

log σ2
βk

+
Kp

2
(1 + log 2π)

=− 1

2

∑

s

∑

t

θst(Ys −
∑

j

Xjαjsµjs)
>(Yt −

∑

j

Xjαjtµjt)

− 1

2

∑

s

θss
∑

j

X>j Xj[αjs(µ
2
js + s2js)− α2

jsµ
2
js]

−
∑

j

∑

k

[
αjk log

αjk
ak

+ (1− αjk) log
1− αjk
1− ak

]

+
N

2
log |Θ|+ 1

2

∑

j

∑
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αjk

(
1 + log

s2jk
σ2
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−
µ2
jk + s2jk
σ2
βk

)
+ const.

(A12)

A3 E-step

Now we consider the iterative update of parameters. Initialize (a1, . . . , aK , σ
2
β1
, . . . , σ2

βK
,Θ, αjk, µjk, s

2
jk),

j = 1, . . . , p.

To update µjk and s2jk, j = 1, . . . , p, we use

s2jk =
1

X>j Xjθkk + 1
σ2
βk

,

µjk =

∑
t θktX

>
j Yt −

∑
t θkt

∑
j′ 6=j αj′tµj′tX

>
j′Xj −

∑
t6=k θktαjtµjtX

>
j Xj

X>j Xjθkk + 1
σ2
βk

.

(A13)
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To update αjk, we let

∂Lq
∂αjk

= log
ak

1− ak
− log

αjk
1− αjk

+
1

2

(
µ2
jk

s2jk
+ log

s2jk
σ2
βk

)
= 0, (A14)

and obtain

αjk =
1

1 + exp(−vjk)
, (A15)

where

vjk = log
ak

1− ak
+

1

2

(
µ2
jk

s2jk
+ log

s2jk
σ2
βk

)

A4 M-Step

By taking derivatives with respect to model parameters and setting them to zero,

∂Lq
∂θkk

=
N

2
(Θ−1)kk −

1

2
(Yk −

∑

j

Xjαjkµjk)
>(Yk −

∑

j

Xjαjkµjk)

− 1

2

∑

j

X>j Xj

[
αjk(µ

2
jk + s2jk)− α2

jkµ
2
jk

]
= 0,

∂Lq
∂θkt

=
N

2
(Θ−1)kt −

1

2
(Yk −

∑

j

Xjαjkµjk)
>(Yt −

∑

j

Xjαjtµjt) = 0 for k 6= t,

∂Lq
∂σ2

βk

=
∑

j

αjk(µ
2
jk + s2jk)

σβ4
k

−
∑

j

αjk
σ2
βk

= 0,

∂Lq
∂ak

=
∑

j

[αjk(1− ak)− (1− αjk)ak] = 0,

(A16)

we can obtain

(Θ−1)kk =
(Yk −

∑
j Xjαjkµjk)

>(Yk −
∑

j Xjαjkµjk) +
∑

j X
>
j Xj

[
αjk(µ

2
jk + s2jk)− α2

jkµ
2
jk

]

N
,

(Θ−1)kt =
(Yk −

∑
j Xjαjkµjk)

>(Yt −
∑

j Xjαjtµjt)

N
,

σ2
βk

=

∑
j αjk(µ

2
jk + s2jk)∑

j αjk
, for k = 1, . . . , K,

ak =

∑
j αjk

p
.

(A17)
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A5 VBEM Algorithm

Let ◦ denote the element-wise product, αj• = [αj1, . . . , αjk] and θ•k = [θ1k, . . . , θkk]
>. Imple-

mentation details are summarized in Algorithm 1 for clarity.

Algorithm 1: VBEM

Initialize {αjk, µjk, s2jk, σ2
βk
}j=1,...,p;k=1,...,K ,Θ. Compute ak =

∑
j αjk

p
. Let

Ỹ = [
∑

j Xjαj1µj1, . . . ,
∑

j XjαjKµjK ].

repeat
E-step:
for j = 1, . . . , p do

Ỹ−j = Ỹ − [(αj• ◦ µj•)⊗Xj] ;
for k = 1, . . . , K do

s2jk = 1
X>
j Xjθkk+

1

σ2
βk

;

µjk =
[
X>j (Y − Ỹ−j)θ•k −

∑
t6=k θktαjtµjtX

>
j Xj

]
s2jk;

αjk = 1
1+exp(−vjk) ,where vjk = log ak

1−ak + 1
2

(
µ2jk
s2jk

+ log
s2jk
σ2
βk

)
;

end

end
M-step:
for k = 1, . . . , K do

σ2
βk

=
∑
j αjk(µ

2
jk+s

2
jk)∑

j αjk
;

(Θ−1)kk =
(Yk−

∑
j Xjαjkµjk)

>(Yk−
∑
j Xjαjkµjk)+

∑
j X

>
j Xj[αjk(µ2jk+s2jk)−α2

jkµ
2
jk]

N
;

for t = k + 1, . . . , K do

(Θ−1)kt =
(Yk−

∑
j Xjαjkµjk)

>(Yt−
∑
j Xjαjtµjt)

N
;

end

end

ak =
∑
j αjk

p
, k = 1, . . . , K;

until the change of lower bound Lq is smaller than a threshold ;
return {αjk, µjk, s2jk, σ2

βk
}j=1,...,p;k=1,...,K ,Θ, a1, . . . , aK.

A6 Positive-definiteness of Θ

Lemma 0.1. If K < N , Θ is a positive-definite matrix.
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Proof of Lemma 0.1 It is equivalent to prove Θ−1 is positive definite. Let e = (e1, . . . , eK)

with ek = Yk −
∑

j Xjαjkµjk, and Zj = (γj1β̃j1, . . . , γj1β̃jK)>. From the first two equations

in (A17), we have

Θ−1 =
1

N

[
e>e+

∑

j

X>j XjCov(Zj)

]
. (A18)

Since X>j Xj is positive, and both e>e and covariance matrix Cov(Zj) are positive definite,

Θ−1 is also positive definite.
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B1 Additional results on simulation studies
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Supplementary Figure B1: Power, FDR and AUC for evaluating H0a : βjk = 0, for simula-
tions with ρx = 0.2. The top, middle and bottom panels are for g = 0, 0.15, 0.3 respectively.
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Supplementary Figure B2: Power, FDR and AUC for evaluating H0a : βjk = 0, for simula-
tions with ρx = 0.5. The top, middle and bottom panels are for g = 0, 0.15, 0.3 respectively.
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Supplementary Figure B3: Power, FDR and AUC for evaluating H0a : βjk = 0, for simula-
tions with ρx = 0.8. The top, middle and bottom panels are for g = 0, 0.15, 0.3 respectively.
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Supplementary Figure B4: Power, FDR and AUC for evaluating H0b : βj = 0, for simulations
with ρx = 0.2. The top, middle and bottom panels are for g = 0, 0.15, 0.3 respectively.
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Supplementary Figure B5: Power, FDR and AUC for evaluating H0b : βj = 0, for simulations
with ρx = 0.5. The top, middle and bottom panels are for g = 0, 0.15, 0.3 respectively.
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Supplementary Figure B6: Power, FDR and AUC for evaluating H0b : βj = 0, for simulations
with ρx = 0.8. The top, middle and bottom panels are for g = 0, 0.15, 0.3 respectively.

16



0.0

0.2

0.4

0.6

0.8

0.2 0.5 0.8
ρE

P
o

w
e

r

0.0

0.1

0.2

0.3

0.4

0.5

0.2 0.5 0.8
ρE

F
D

R

0.7

0.8

0.9

1.0

0.2 0.5 0.8
ρE

A
U

C

Method

VIMCO
BVSR
sLMM

0.0

0.2

0.4

0.6

0.8

0.2 0.5 0.8
ρE

P
o

w
e

r

0.0

0.1

0.2

0.3

0.4

0.5

0.2 0.5 0.8
ρE

F
D

R

0.7

0.8

0.9

1.0

0.2 0.5 0.8
ρE

A
U

C

Method

VIMCO
BVSR
sLMM

0.0

0.2

0.4

0.6

0.8

0.2 0.5 0.8
ρE

P
o

w
e

r

0.0

0.1

0.2

0.3

0.4

0.5

0.2 0.5 0.8
ρE

F
D

R

0.7

0.8

0.9

1.0

0.2 0.5 0.8
ρE

A
U

C

Method

VIMCO
BVSR
sLMM

Supplementary Figure B7: Power, FDR and AUC for evaluating H0a : βjk = 0, for simula-
tions where the genotypes were sampled from the NFBC1966 study. The top, middle and
bottom panels are for g = 0, 0.15, 0.3 respectively.
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Supplementary Figure B8: Power, FDR and AUC for evaluating H0b : βj = 0, for simulations
where the genotypes were sampled from the NFBC1966 study. The top, middle and bottom
panels are for g = 0, 0.15, 0.3 respectively.
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C1 Additional Results in the NFBC1966 Study
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C2 Additional Results in the SINDI Study
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Supplementary Figure C2: Heatmap shows the absolute pairwise correlation among the 3
eye measurements in the SINDI study.
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