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A1 Derivation of the Optimal Variational Distribution

The entries in © are denoted by 0y,s,t = 1,..., K. The logarithm of the joint probability

function in the main text is
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As stated in the main text, we consider variational distributions of the form

HH[ Biklvin)a(vin)| -

j=1k=1

With this family of variational distributions, the optimal q*(Bjk, 7v;%) Mmaximizing the lower

bound £, has the form

log ¢* (B, Vir) = B w26k [log Pr(Y, B,~|X; ®)| + const. (A2)



Decomposing (A1) into terms involving and not involving (Bjk, Yik), we get

log Pr(Y, 3,7|X; ®)
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When v, = 1, we have
log ¢*(B,|vx = 1)
1 T ]_ "’2
= (‘5 j X0k — E) ik
' (A4)
+ Z thXjTYZ - Z Okt Z E(%’%Bj't)XijXj - Z thE(%tBjt)XjTXj Bjk
D T A 17k
-+ const,
from which we can see that the posterior of q(,@jhjk = 1) ~ N, 531.):
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Similarly, when ~;, = 0, we have
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Thus q*(,éjk\”yjk =0) = N(0,03, ). This implies that the posterior distribution of B, will be
the same as its prior if this variable is irrelevant (v, = 0). Note that 7,4 is a binary variable

and then denote o, = ¢(yjx = 1). Therefore we have
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A2 Evaluation of the Lower Bound

Now we evaluate the first part of the lower bound L(q).
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The first expectation on the previous line is
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where the last equality is based on the entropy of a Gaussian distribution. Similarly,

E, ((1 — 7;x) log N(0, Jgk)) = (1 — o) [—5(1 +log 2m) — logo? |. Overall, we have

—— Z Z lajilog aji + (1 — aj) log(1 — o)

+ = Z Z i (1 + log 2 + log S]k) + (1 — ajp) (1 4 log 27 + log ngﬂ

(A8)
=— Z Z i log o + (1 — i) log(1 — )]
+ = Zz%klog += Zlog 05, + 1 (1 + log 2)
The second part of L(q):
B, [log Pr(Y, B,/X; )|
1 ~ -
= - 5 Z Z Z estEq (Yns - Zan/Vjsﬂjs> (Ynt - Zan’yjtﬁjt)]
n s t j J
(A9)

N
+§10g|@| —g;log(aﬁk ZZ 2(;;]:?

k
+ Z Z [Egvik loga, + (1 — Eqvjk) log(1 — ay)] + const.
k

J



The expectation in the first term
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It’s easy to verify that
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Plugging these expectations in (A9) and combing with (A8), the lower bound is given by

ﬁ -5 Z Z Z QSt |:Y"5Y”t Y"S Z Xn]E ,y]tﬂjt nt Z anE ,Y]S/BJS)

+ ZanEq (’VjS/éjs) Z an’Eq <'7j’t5j’t> + ZX?U’EQ (’7js’thBstjt> :|
J J'#i j

N

p 2
+ 5 log |©] — 9 Zlog(oﬂk) - ZZ
k i k Br
+> > [Egvrlogar + (1 — Egye) log(1 — ay)]
ik
— Z Z laji log o, + (1 — aji) log(1 — )]
ik
1 sh D s | Kp
+ izz%kbg% + §;logaﬁk + 7(1 + log 27)
= 3 Z Z Qst Z X Oé]Sl’[’jS Z X; a]tujt
Y Z ‘988 Z XTX [ajs(ujs + 5 ) ?sujzs]
- Z Z [O‘Jk log “2* + (1 — ay) 10g ajk}

1-— Qg
2
s ‘k N ik + o
—lo 0|+ - air | 1+ 1o Hik 7 %k + const.
T ( oot
A3 E-step
Now we consider the iterative update of parameters. Initialize (aq, ..., ak, ‘7?317 e
j=1,...,p.
To update p, and sjz-k, J=1,...,p, we use
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To update ajy, we let
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A5 VBEM Algorithm

Let o denote the element-wise product, o,

mentation details are summarized in Algorithm 1 for clarity.
Algorithm 1: VBEM

= [Oéjl, ce ,Oéjk] and H.k = [le,

., 0k] . Tmple-
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A6 Positive-definiteness of ©

Lemma 0.1. If K < N, © is a positive-definite matrix



PROOF OF LEMMA 0.1 It is equivalent to prove ©~! is positive definite. Let e = (eq, ..., ex)
with e, = Y, — Zj X0k ttk, and Z; = (’lele, . ,vjlﬁjK)T. From the first two equations
in (A17), we have
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Since X JT X is positive, and both e'e and covariance matrix Cov(Z;) are positive definite,

©7! is also positive definite.
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B1 Additional results on simulation studies
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Supplementary Figure B1: Power, FDR and AUC for evaluating Hy, : B = 0, for simula-
tions with p, = 0.2. The top, middle and bottom panels are for g = 0,0.15, 0.3 respectively.
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Supplementary Figure B2: Power, FDR and AUC for evaluating Hy, : B;x = 0, for simula-
tions with p, = 0.5. The top, middle and bottom panels are for g = 0,0.15, 0.3 respectively.
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Supplementary Figure B4: Power, FDR and AUC for evaluating Hyy, : 3; = 0, for simulations
with p, = 0.2. The top, middle and bottom panels are for g = 0,0.15, 0.3 respectively.
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Supplementary Figure B5: Power, FDR and AUC for evaluating Hyy, : 3; = 0, for simulations
with p, = 0.5. The top, middle and bottom panels are for g = 0,0.15, 0.3 respectively.
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Supplementary Figure B6: Power, FDR and AUC for evaluating Hyy, : 3; = 0, for simulations
with p, = 0.8. The top, middle and bottom panels are for g = 0,0.15, 0.3 respectively.
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Supplementary Figure B7: Power, FDR and AUC for evaluating Hy, : Bz = 0, for simula-

tions where the genotypes were sampled from the NFBC1966 study. The top, middle and
bottom panels are for g = 0,0.15, 0.3 respectively.
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Supplementary Figure B8: Power, FDR and AUC for evaluating Hyy, : 3; = 0, for simulations
where the genotypes were sampled from the NFBC1966 study. The top, middle and bottom
panels are for g = 0,0.15, 0.3 respectively.
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Supplementary Figure B9: Average running times (CPU seconds) of 10 iterations with
respect to different number of SNPs p (the left subfigure) and traits K (the right subfigure).
In the two subfigures, the four lines denotes for different number of sample sizes.
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C1 Additional Results in the NFBC1966 Study
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Supplementary Figure C1: Heatmap shows the absolute pairwise correlation among the 10
traits in the NFBC1966 study.
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C2 Additional Results in the SINDI Study
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Supplementary Figure C2: Heatmap shows the absolute pairwise correlation among the 3
eye measurements in the SINDI study.
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