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SUMMARY 10

This Supplementary Material is organized as follows. Sections 1, 2, 4 and 9 present the proofs
for Lemmas 1, 3, 4 and 5. Sections 3, 5–8 show the proofs for Lemmas A1–A5. Sections 10
and 11 present proofs for Theorems 2 and 3. Section 12 presents Conditions S1–S3, Lemmas
S1–S4 and the proof for Theorem 4. Section 13 includes Definition S1 and Theorem S1 which
establishes the theoretical properties of model representations. Section 14 shows the additional 15

simulation results in Tables S1 and S2.

1. PROOF OF LEMMA 1
Proof. Consider three cases:
In Case 1: |x1| ≤ λ and |x2| ≤ λ,

|gλ(x1)− gλ(x2)| = 0 ≤ |x1 − x2|.

In Case 2: max{|x1|, |x2|} > λ and min{|x1|, |x2|} ≤ λ, 20

|gλ(x1)− gλ(x2)|
= max{|x1|, |x2|} − λ ≤ max{|x1|, |x2|} −min{|x1|, |x2|} ≤ |x1 − x2|.

In Case 3: |x1| > λ and |x2| > λ,

|gλ(x1)− gλ(x2)| = |sgn(x1)(|x1| − λ)− sgn(x2)(|x2| − λ)|.

When sgn(x1)sgn(x2) = 1,

|sgn(x1)(|x1| − λ)− sgn(x2)(|x2| − λ)| = |(|x1| − λ)− (|x2| − λ)| ≤ |x1 − x2|.

When sgn(x1)sgn(x2) = −1,

|sgn(x1)(|x1| − λ)− sgn(x2)(|x2| − λ)|
= |(|x1| − λ) + (|x2| − λ)| = |x1|+ |x2| − 2λ = |x1 − x2| − 2λ ≤ |x1 − x2|. �
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2. PROOF OF LEMMA 3
Proof. Note that

πn,i(Zn,i;β) = π(Yi |Wi, Xi, α
v
0, β, σ0)π(Xi)π(Wi),

where Yi follows model (1). Let Ỹi = Yi −WT
i α

v
0 . Then Ỹi ∼ N

{
p
−1/2
n

∑pn
j=1 β(sj)Xi,j , σ

2
0

}
.25

It is straightforward to see that

Λn,i(Zn,i;β0, β)

=
1

2σ2
0

Ỹi − p−1/2
n

pn∑
j=1

Xi,jβ(sj)


2

−

Ỹi − p−1/2
n

pn∑
j=1

Xi,jβ0(sj)


2

=
1

2σ2
0

p−1/2
n

pn∑
j=1

Xi,j {β0(sj)− β(sj)}

2Ỹi − p−1/2
n

pn∑
j=1

Xi,j {β0(sj) + β(sj)}

 .

Given any ζ > 0, let B(ζ) = {β(s) : sups∈B |β(s)− β0(s)| < ζ}, then by Condition A3.2, for
any β ∈ B,

Kn,i(β0, β)

=
1

2σ2
0

E

 pn∑
j=1

p−1/2
n Xi,j {β0(sj)− β(sj)}

E
2Ỹi −

pn∑
j=1

p−1/2
n Xi,jE {β0(sj) + β(sj)}

∣∣∣∣Xi


=

1

2σ2
0

E

p−1/2
n

pn∑
j=1

Xi,j {β0(sj)− β(sj)}

2

≤ cmaxζ
2

2σ2
0

,

and

Vn,i(β0, β)

=
1

4σ4
0

E

 pn∑
j=1

p−1/2
n Xi,j {β0(sj)− β(sj)}

2

var

2Ỹi −
pn∑
j=1

p−1/2
n Xi,j {β0(sj) + β(sj)}

∣∣∣∣Xi


=

1

σ2
0

E

p−1/2
n

pn∑
j=1

Xi,j {β0(sj)− β(sj)}

2

≤ cmaxζ
2

σ2
0

.

Thus,30

1

n2

n∑
i=1

Vi,n(β0, β) ≤ 1

n2

n∑
i=1

cmaxζ
2

σ2
0

→ 0, n→∞.

Consider β ∈ B(ζ), then n−1
∑n

i=1Ki,n(β0, β) ≤ cmax(2σ2
0)−1 {sups∈B |β(s)− β0(s)|}2. By

Theorem 1, for any 0 < ε < ζ2,

Π

[
B(ζ) ∩

{
1

n

n∑
i=1

Ki,n(β0, β) < ε

}]
≥ Π

{
sup
s∈B
|β(s)− β0(s)| < 2σ2

0

√
ε

cmax

}
> 0. �
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3. PROOF OF LEMMA A1
Proof. Define

Θn,k =

{
β(s) ∈ Cρ(Rk) : sup

s∈Rk

|Dτβ(s)| < p1/(2d)
n , 0 ≤ ‖τ‖1 ≤ ρ

}
,

for k = −1, 0, 1. By Lemma 2 of Ghosal & Roy (2006), there exists ck > 0 such that

N(ε,Θn,k, ‖ · ‖∞) ≤ ckp1/(2ρ)
n ε−d/ρ.

Since

Θn ⊆ Θn,−1 ×Θn,0 ×Θn,1.

Then

N(ε,Θn, ‖ · ‖∞) ≤
1∏

k=−1

Nk(ε,Θn, ‖ · ‖∞).

and

logN(ε,Θn, ‖ · ‖∞) ≤
1∑

k=−1

logN(ε,Θn,k, ‖ · ‖∞) ≤ Cp1/(2ρ)
n ε−d/ρ,

where C = c−1 + c0 + c1. �

4. PROOF OF LEMMA 4 35

Proof. By (2), we have β(s) = gλ0{β̃v(s)}with β̃v(s) ∼ GP(0, κ). LetR1 = {s : β(s) > 0}
and R−1 = {s : β(s) < 0}. Then β̃v(s) = β(s) + λ0 for s ∈ R1 and β̃v(s) = β(s)− λ0 for
s ∈ R−1, For any τ with 0 < ‖τ‖1 ≤ ρ, we have Dτ β̃v(s) = Dτβ(s) for any s ∈ B. Consider

Π[ΘC
n ] ≤ Π

{
sup
s∈R1

|β̃v(s)− λ0| > p1/(2d)
n

}
+ Π

{
sup
s∈R−1

|β̃v(s) + λ0| > p1/(2d)
n

}

+
∑

τ :1≤‖τ‖1≤ρ

Π

[
sup

s∈R1∪R−1

|Dτ β̃v(s)| > p1/(2d)
n

]
.

Note that β̃v(s) + λ0 ∼ GP(λ0, κ) and β̃v(s)− λ0 ∼ GP(−λ0, κ). By Theorem 5 of Ghosal &
Roy (2006), there exist positive constants K−1, K1, Kτ , b−1, b1 and bτ such that, 40

Π

{
sup
s∈R−1

|β̃v(s) + λ0| > p1/(2d)
n

}
≤ K−1 exp(−b−1ρ

1/d),

Π

{
sup
s∈R1

|β̃v(s) + λ0| > p1/(2d)
n

}
≤ K1 exp(−b1ρ1/d),

Π

{
sup

s∈R1∪R−1

|Dτ β̃v(s)| > p1/(2d)
n

}
≤ Kτ exp(−bτρ1/d). �

Take K = K−1 +K1 +
∑

τ :0<|τ |≤ρKτ and b = min{b−1, b1,min1≤|τ |≤ρ bτ}.



4 J. KANG, R. J. BRIAN AND A.-M. STAICU

5. PROOF OF LEMMA A2
Proof. Given that γ is continuous, Vε,γ is an open set and there are a countable collection of

disjoint open regions, denoted V1,V2, . . . , such that

Vε,γ =
∞⋃
k=1

Vk,

where open region Vk with volume λ(Vk) > 0. By Condition 3, we have B =
⋃pn
j=1 Bj . For

j = 1, . . . , pn, define Aj = {k : sj ∈ Vk}, Uj =
⋃
k∈Aj

Vk and U =
⋃pn
j=1 Uj . Then U ⊃ Vε,γ .

It covers the same set of spatial locations {sj}pnj=1 as Vε,γ and λ(U) ≥ λ(Vε,γ). Also, given n, U
is equal to the union of a finite number of disjoint open regions Vk, rewrite them asW1, . . . ,Wm.
Then U =

⋃m
k=1Wk. For each k = 1, . . . ,m, Wk contains at least a number of bλ(Wk)Kpnc

spatial locations since the maximum volume of the disjoints Bj which contains and only contains
sj’s is smaller than 1/(Kpn) by Condition A4. Let s∗k be the spatial location that is most close
to Wk among all sj’s not in U . Since D is dense in B, there exist γ(s) differentiable points in
Wk, and let tk be one of such points, then ‖s∗k − tk‖∞ < {1/(Kpn)}1/d. By Taylor expansion,
we have

|γ(s∗k)|+
∣∣∣∣∂γ∂s (tk)(s

∗
k − tk)

∣∣∣∣+ |R2(s∗k, tk)| ≥ |γ(tk)| > ε.

Thus,

|γ(s∗k)| > ε−

{
p

1/(2d)
n + υ

d(Kpn)1/d
+

p
1/d
n + υ

2d2(Kpn)2/d

}
.

Let N be a large integer such that for all n > N ,

p
1/(2d)
n + υ

d(Kpn)1/d
+

p
1/d
n + υ

2d2(Kpn)2/d
<
ε

2
.

Therefore, when n > N , |γ(s∗k)| > ε/2. Let W∗k =Wk ∪ {s∗k}. Then W∗k contains at least a
number of bλ(Wk)Kpnc+ 1 or dλ(Wk)Kpne spatial locations sj’s such that |γ(sj)| > ε/2.
Since none of spatial locations were counted more than once, by adding over all k, at least45

λ(Vε,γ)Kpn spatial locations fall in Vε/2,γ . �

6. PROOF OF LEMMA A3
Proof. Let v = max

{
supβ0∈R1∪R−1

|Dτβ0|, 0 ≤ ‖τ‖1 ≤ 1
}

. Let 0 < δ < ε/λ(B) and
Di = {s : (i− 1)δ < |β(s)− β0(s)| < iδ}, then

d{p1/(2d)n +v}/δe∑
i=1

iδλ(Di) ≥ ‖β − β0‖1 > ε. (S1)

Let `(s) = |β(s)− β0(s)| and `k(s) = min{kδ, `(s)}, for k = 0, . . . , pn. Note that `k(s) = `(s)50

when k = d{p1/(2d)
n + v}/δe in that `(s) ≤ ‖β‖∞ + ‖β0‖∞ < p

1/2d
n + v.

For k = 1, . . . , pn, define Ek = {s : `k(s) > (2k − 1)δ/2}. Note that `k−1 ≤ (k − 1)δ. Then
for all s ∈ Ek, we have `k(s)− `k−1(s) > (2k − 1)δ/2− (k − 1)δ = δ/2. Note that β(s) and
β0(s) are both in Θ, the differentiable points for `k(s)− `k−1(s) are dense in B. By Lemma 5,
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there exists N such that for all n > N ,

pn∑
j=1

{`k(sj)− `k−1(sj)} >
λ(Ek)Kδpn

4
,

Write

pn∑
j=1

|β(sj)− β0(sj)| =
pn∑
j=1

`d{p1/(2d)n +v}/δe(sj)

=

pn∑
j=1

d{p1/(2d)n +v}/δe∑
k=1

{`k(sj)− `k−1(sj)} ≥
d{p1/(2d)n +v}/δe∑

k=1

λ(Ek)Kδpn
4

.

In addition, for k = 1, . . . , pn,

Ek ⊃
d{p1/(2d)n +v}/δe⋃

i=k+1

Di,

which implies that

λ(Ek) ≥
d{p1/(2d)n +v}/δe∑

i=k+1

λ(Di)

d{p1/(2d)n +v}/δe∑
k=1

λ(Ek) ≥
d{p1/(2d)n +v}/δe∑

k=1

d{p1/(2d)n +v}/δe∑
i=k+1

λ(Di)

=

d{p1/(2d)n +v}/δe∑
i=2

(i− 1)λ(Di)

=

d{p1/(2d)n +v}/δe∑
i=1

iλ(Di)−
d{p1/(2d)n +v}/δe∑

i=1

λ(Di)

≥
d{p1/(2d)n +v}/δe∑

i=1

iλ(Di)− λ(B)

By (S1),

d{p1/(2d)n +v}/δe∑
k=1

δλ(Ek) ≥ ε− λ(B)δ.

Taking r = K{ε− λ(B)δ}/4 completes the proof. �
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7. PROOF OF LEMMA A455

Proof. Let

Bn,ε =

(x1, . . . , xpn)T

∣∣∣∣ p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

xj{β(sj)− β0(sj)}

∣∣∣∣∣∣ > ε

 .

Recall that Xi = (Xi,1, . . . , Xi,pn)T are independent copies of X(s1), . . . , X(spn). Then
Π[Xi ∈ Bn,ε] > ε for all i = 1, . . . , n. Let Wn,ε = n−

∑n
i=1 I(Xi ∈ Bn,ε) and notice that

Wn,ε follows an binomial distribution with number of trails n and probability 1−Π(Xi ∈ Bn,ε).
Let Un,ε have a binomial distribution with number of trails n and probability 1− ε. Then Un,ε is
stochastically dominates Wn,ε. For any t > 0,60

Π
(
ACn
)

= Π

 n∑
i=1

p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

Xi,j{β(sj)− β0(sj)}

∣∣∣∣∣∣ < nr


≤ Π

[
ε

{
n∑
i=1

I(Xi ∈ Bn,ε)

}
< nr

]
= Π {Wn,ε > n(1− r/ε)}

≤ Π {Un,ε > n(1− r/ε)}
= Π [exp(tUn,ε) > exp{tn(1− r/ε)}]
≤ {ε+ (1− ε) exp(t)}n exp{−tn(1− r/ε)}.

Take t = log{(ε2 − rε)/(r − rε)} and D = tε/(ε− r),

Π
[
ACn
]
≤ ε2

r
exp(−Dn).

Applying Borel–Cantelli lemma completes the proof. �

8. PROOF OF LEMMA A5
Proof. Condition A4.3 implies that, for any r > 0, there exists δ > 0, if β1 and β0 satisfy with

p−1
n

pn∑
i=1

|β1(sj)− β0(sj)| > r,

then

Π

p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj){β1(sj)− β0(sj)}

∣∣∣∣∣∣ > δ

 > δ.

By Lemma A4, for any 0 < r0 < δ2, with probability one that there exists N0 > 1 such that for
all n > N0,

n∑
i=1

|ηi,1 − ηi,0| ≥ nr0.
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Now consider,

Eβ0{Ψn(β0, β1)} = Πβ0

{
n∑
i=1

δi

(
Yi − ηi,0
σ0

)
> 2nτ+1/2

}

= Πβ0

{
n−1/2

n∑
i=1

δi

(
Yi − ηi,0
σ0

)
> 2nτ

}

= 1− Φ(2nτ ) ≤ φ(2nτ )

2nτ
= 2−1(2π)−1/2 exp(−2n2τ )

nτ
.

Let

ηi =

q∑
k=1

α0,kWi,k + p−1/2
n

pn∑
j=1

Xi,jβ(sj).

By Condition A3·2, for any β such that ‖β − β1‖∞ ≤ r0/(4c
1/2
max),

|ηi − ηi,1| = p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

Xi,j{β(sj)− β1(sj)}

∣∣∣∣∣∣ ≤ c1/2
max

r0

4c
1/2
max

=
r0

4
, i = 1, . . . , n.

Then 65

Eβ{1−Ψn(β0, β1)} = Πβ

{
n∑
i=1

δi

(
Yi − ηi,0
σ0

)
≤ 2nτ+1/2

}

= Πβ

{
n−1/2

n∑
i=1

δi

(
Yi − ηi
σ0

)
+ n−1/2

n∑
i=1

δi

(
ηi − ηi,1
σ0

)
+ n−1/2

n∑
i=1

∣∣∣∣ηi,1 − ηi,0σ0

∣∣∣∣ ≤ 2nτ

}

≤ Πβ

{
n−1/2

n∑
i=1

δi

(
Yi − ηi
σ0

)
≤ r0n

1/2

4σ0
− r0n

1/2

σ0
+ 2nτ

}
.

There exists N > N0 such that for all n > N , nτ < n1/2r0(4σ0)−1 since τ < 1/2. This further
implies that

Eβ{1−Ψn(β0, β1)} ≤ Π

{
n−1/2

n∑
i=1

δi

(
Yi − ηi
σ0

)
≤ −r0n

1/2

4σ0

}

= Φ

(
−r0n

1/2

4σ0

)
≤ 4σ0

r0(2πn)1/2
exp

(
− nr2

0

32σ2
0

)
.

Thus, taking C0 = max
{

2−1(2π)−1/2, 4σ0r
−1
0 (2π)−1/2

}
and C1 = r2

0/(32σ2
0) completes the

proof. �

9. PROOF OF LEMMA 5 70

Proof. Let r0 be the same number in Lemma A5. Let t = min{4−1c
−1/2
max r0, ε/2}. Let Nt be

the t covering number of Θn in the supremum norm. Let β1, . . . , βNt ∈ Θn be such that for each
β ∈ Θn there exist at least one l such that ‖β − βl‖∞ < t. For any β ∈ Θn, define

Ψn = max
1≤l≤Nt

Ψn(β0, β
l).
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If ‖β − β0‖∞ > ε, then ‖βl − β0‖∞ > ε/2 for βl that satisfies with ‖β − βl‖∞ < t ≤ ε/2. By
Lemma A3, there exist N∗0 and r > 0 such that

∑pn
j=1 |βl(sj)− β0(sj)| > rpn. By Lemma A5,

r0 can be chosen such that for l = 1, . . . , Nt, if ‖β − βl‖∞ < t ≤ 4−1c
−1/2
max , for all n > N∗0 ,

Eβ0{Ψn(β0, β
l)} ≤ C0 exp(−2n2υ),

Eβ{1−Ψn(β0, β
l)} ≤ C0 exp(−C1n),

where τ , C0 and C1 are the same values in Lemma A5. Furthermore,

Eβ0(Ψn) ≤
Nt∑
l=1

Ψn(β0, β
l) ≤ C0Nt exp(−2n2υ) = C0 exp(logNt − 2n2υ)

≤ C0 exp
{
Cp1/(2ρ)

n t−d/ρ − 2n2υ
}

≤ C0 exp
(
Cnυ0t−d/ρ − 2n2υ

)
= C0 exp

{
−(2− Cnυ0−2υt−d/ρ)n2υ

}
.

When Ct−d/ρ < 2,

Eβ0(Ψn) ≤ C0 exp
{
−(2− Ct−d/ρ)n2υ

}
.

When Ct−d/ρ ≥ 2, since υ0 − 2υ < 0, there exists N∗1 such that for all n > N∗1 ,
Cnυ0−2υt−d/ρ < 1, then

Eβ0(Ψn) ≤ C0 exp
{
−n2υ

}
.

In addition,

Eβ(1−Ψn) = Eβ

[
min

1≤l≤Nt

{1−Ψn(β0, β
l)}
]
≤ Eβ

[
{1−Ψn(β0, β

l)}
]
≤ C0 exp(−C1n).

Thus, taking C2 = (2− Ct−d/ρ)I(Ct−d/ρ < 2) + I(Ct−d/ρ ≥ 2) > 0 and N =75

max{N∗1 , N∗0 } completes the proof. �

10. PROOF OF THEOREM 2
Proof. The proof can be done by verifying the conditions in Theorem A·1 of Choudhuri et al.

(2004). Specifically, we have the condition on prior positivity of neighborhoods by Lemma 3. By
Lemma 4, Lemma A5 and Condition A1, as n→∞,80

Eβ0(Ψn)→ 0,

sup
β∈UC

ε ∩Θn

Eβ(1−Ψn) ≤ C0 exp(−C1n),

Π(ΘC
n ) ≤ K exp(−bp1/d

n ) ≤ K exp(−C3n).

Thus, conditions on the existence of tests are established. �

11. PROOF OF THEOREM 3
Proof. Define Uε = {β ∈ Θ : ‖β − β0‖1 < ε}. Let R0 = {s : β0(s) = 0}, R1 = {s :

β0(s) > 0} andR−1. = {s : β0(s) < 0}.
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For any A ⊆ B and any integer m ≥ 1, define

Fm(A) =

{
β ∈ Θ :

∫
A
|β(s)− β0(s)|ds < 1

m

}
.

Then Fm+1(A) ⊆ Fm(A) for all m and Fm(B) ⊆ Fm(A). 85

Consider

Fm(R0) =

{
β ∈ Θ :

∫
R0

|β(s)|ds < 1

m

}
.

By Theorem 2 and the fact that U1/m = Fm(B),

Π{Fm(R0) | Dn} ≥ Π(U1/m | Dn)→ 1, n→∞.

In addition,

{β(s) = 0, for all s ∈ R0} =

{∫
R0

|β(s)|ds = 0

}
=

∞⋂
m=1

Fm(R0).

By the monotone continuity of probability measure,

Π {β(s) = 0, for all s ∈ R0 | Dn} = lim
m→∞

Π{Fm(R0) | Dn} = 1, n→∞. (S2)

By Condition A2·3, for any s0 ∈ R1 and any integer m ≥ 1, there exists δ0 > 0, such that

|β(s1)− β(s0)| < 1

2m
,

for any s1 ∈ B(s0, δ0) = {s : ‖s1 − s0‖1 < δ0}. By Definition 2,R1 is an open set. There exists
δ1 > 0, such that B(s0, δ1) ⊆ R1. Taking δ = min{δ1, δ0} > 0, we have that{

β(s0) > − 1

m
, for all s0 ∈ R1

}
⊇
{
β(s0) > β(s1)− 1

2m
and β(s1) > − 1

2m
, for some s1 ∈ B(s0, δ), for all s0 ∈ R1

}
⊇

{∫
B(s0,δ)

β(s)ds > − 1

2m
, for all s0 ∈ R1

}

⊇

{∫
B(s0,δ)

β(s)ds >

∫
B(s0,δ)

β0(s)ds− 1

2m
, for all s0 ∈ R1

}
⊇ F2m[B(s0, δ)] ⊇ U1/2m.

Thus,

Π

{
β(s0) > − 1

m
, for all s0 ∈ R1 | Dn

}
≥ Π(U1/2m | Dn)→ 1, n→∞.

By the monotone continuity of probability measure,

Π {β(s) > 0, for all s ∈ R1 | Dn}

= lim
m→∞

Π

{
β(s0) > − 1

m
, for all s0 ∈ R1 | Dn

}
→ 1, n→∞. (S3)
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Similar arguments can be made to show90

Π {β(s) < 0, for all s ∈ R−1 | Dn} → 1, n→∞. (S4)

Combing (S2) - (S4) completes the proof. �

12. PROOF OF THEOREM 4
To prove the posterior consistency for model (6) in the main text, we need to introduce the

additional conditions and lemmas:

Condition S1. Let σ2
B = sups∈B var{X(s)} <∞; and for any λ > 0 and any pn ≥ 1,

Π

p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj)

∣∣∣∣∣∣ > λ

 ≤ 2 exp

(
− λ2

2σ2
B

)
.

This condition holds for many stochastic processes. For example, X(s) is a centered Gaussian95

process with uncorrelated covariance structure by Adler (1990).

Condition S2. There exists Mw, 0 < Mw <∞ such that max1≤i≤n{max1≤k≤q |Wi,k|} <
Mw, for any n ≥ 1, with probability one.

Condition S3. For any αv ∈ Rq and β ∈ Θ, let η =
∑q

k=1 αkWk + p
−1/2
n

∑pn
j=1 β(sj)X(sj)

and πη(x;αv, β) denote its density function. There exists a normal density function as the en-
velop function of πη(x;αv, β). That is, there exists Mπ, 0 < Mπ <∞, µπ ∈ R and σπ > 0,
such that

πη(x;αv, β) ≤ Mπ

σπ
φ

(
x− µπ
σπ

)
,

where Mπ, µπ and σπ may depend on αv and β.

This condition holds when Wi,k is bounded and X(s) is a Gaussian process.100

LEMMA S1. Denote by πn,i(·;β) the density function of Zn,i = (Yi,Wi, Xi) in model (6) and
suppose Conditions A4, S1–S3 hold for Xi. Define

Λn,i(·;β0, β) = log πn,i(·;β)− log πn,i(·;β0),

Kn,i(β0, β) = Eβ0{Λn,i(Zn,i;β0, β)},
Vn,i(β0, β) = varβ0{Λn,i(Zn,i;β0, β)}.

There exists a set B with Π(B) > 0 such that, for any ε > 0,

lim inf
n→∞

Π

[{
β ∈ B,n−1

n∑
i=1

Kn,i(β0, β) < ε

}]
> 0, n−2

n∑
i=1

Vn,i(β0, β)→ 0, for all β ∈ B.

Proof. Given any ζ > 0, let B = {β(s) : sups∈B |β(s)− β0(s)| < ζ}. For any
β ∈ B, let ηi =

∑q
k=1 αkWi,k + p

−1/2
n

∑pn
j=1 β(sj)Xi,j . Let ηi,0 =

∑q
k=1 αkWi,k +

p
−1/2
n

∑pn
j=1 β0(sj)Xi,j . Let Mα = maxk |αk| and Mβ = max{sups |β(s)|, sups |β0(s)|}.

Note that

πn,i(Zn,i;β) = π(Yi |Wi, Xi, α
v
0, β)π(Xi)π(Wi),
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where Yi follows model (6). Then Yi ∼ Bernoulli {Φ(ηi)}. It is straightforward to see that

π(Yi |Wi, Xi, α
v
0, β) = Φ(ηi)

Yi{1− Φ(ηi)}1−Yi ,
π(Yi |Wi, Xi, α

v
0, β0) = Φ(ηi,0)Yi{1− Φ(ηi,0)}1−Yi .

Then

Λn,i(Zn,i;β0, β) = Yi log

{
Φ(ηi)

Φ(ηi,0)

}
+ (1− Yi) log

{
1− Φ(ηi)

1− Φ(ηi,0)

}
.

Then 105

Kn,i(β0, β) = E{Λn,i(Zn,i;β0, β)}

= E

[
Φ(ηi,0) log

{
Φ(ηi)

Φ(ηi,0)

}
+ {1− Φ(ηi,0)} log

{
1− Φ(ηi)

1− Φ(ηi,0)

}]
.

Let g(ηi,0, ηi) = Φ(ηi,0) log
{

Φ(ηi)
Φ(ηi,0)

}
+ {1− Φ(ηi,0)} log

{
1−Φ(ηi)

1−Φ(ηi,0)

}
. For any 0 < ε0 < 1/2,

Kn,i(β0, β)

= E
[
g(ηi,0, ηi)I{max(|ηi,0|, |ηi|) ≤ −Φ−1(ε0)}

]
+ E

[
g(ηi,0, ηi)I{max(|ηi,0|, |ηi|) > −Φ−1(ε0)}

]
.

By Lemma 5 in Ghosal & Roy (2006), there exists L depending only on ε0, such that

E
[
g(ηi,0, ηi)I{max(|ηi,0|, |ηi|) ≤ −Φ−1(ε0)}

]
≤ LE

[
{Φ(ηi)− Φ(ηi,0)}2 · I{max(|ηi,0|, |ηi|) ≤ −Φ−1(ε0)}

]
≤ LE

[
{Φ(ηi)− Φ(ηi,0)}2

]
< LE(ηi − ηi,0)2

≤ Lcmaxζ
2.

By Cauchy–Schwarz inequality,

E
[
g(ηi,0, ηi)I{max(|ηi,0|, |ηi|) > −Φ−1(ε0)}

]
≤

[
E
{
g2(ηi,0, ηi)

}
Π
{

max(|ηi,0|, |ηi|) > −Φ−1(ε0)
}]1/2

.

where

E{g2(ηi,0, ηi)}

≤ 2E

[
Φ(ηi,0)2 log2

{
Φ(ηi)

Φ(ηi,0)

}
+ {1− Φ(ηi,0)}2 log2

{
1− Φ(ηi)

1− Φ(ηi,0)

}]
≤ 2E

[
log2

{
Φ(ηi)

Φ(ηi,0)

}
+ log2

{
1− Φ(ηi)

1− Φ(ηi,0)

}]
≤ 4E

[
log2 Φ(ηi) + log2 Φ(ηi,0) + log2{1− Φ(ηi)}+ log2{1− Φ(ηi,0)}

]
.

By Condition S3, E
{
g2(ηi,0, ηi)

}
is bounded. In particular,

E{log2 Φ(ηi)} ≤Mπ

∫ 1

0
log2[Φ{σπΦ−1(x) + µπ}]dx.

By L’Hospital’s Rule,

lim
x→0

log(x)

log[Φ{σπΦ−1(x) + µπ}]
=

1

σ2
π

,
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for any σπ > 0 and µπ ∈ R. Since
∫ 1

0 log2(x)dx = 2, then E{log2 Φ(ηi)} <∞. Similarly, we
can show that E{log2{1− Φ(ηi)}} <∞, E{log2 Φ(ηi,0)} <∞ and E[log2{1− Φ(ηi,0)}] <
∞.110

By Conditions S1 and S2,

lim
ε0→0

Π
{

max(|ηi,0|, |ηi|) > −Φ−1(ε0)
}

= 0.

Thus, take ε0 such that,

E
[
g(ηi,0, ηi)I{max(|ηi,0|, |ηi|) > −Φ−1(ε0)}

]
< Lcmaxζ

2.

Hence, there exists L > 0, such that for any β ∈ B,

n−1
n∑
i=1

Kn,i(β0, β) < 2cmaxL

{
sup
s∈B
|β(s)− β0(s)|

}2

.

By Theorem 1, for any 0 < ε < ζ2,

Π

[
B ∩

{
n−1

n∑
i=1

Ki,n(β0, β) < ε

}]
≥ Π

{
sup
s∈B
|β(s)− β(s)| < ε1/2/(2Lcmax)

}
> 0.

In addition,

Vn,i(β0, β) = varβ0{Λn,i(Zn,i;β0, β)}

= E

(
var

[
Yi log

{
Φ(ηi)

Φ(ηi,0)

}
+ (1− Yi) log

{
1− Φ(ηi)

1− Φ(ηi,0)

}
| Xi,Wi

])
+ var {g(ηi,0, ηi)}

= E

(
Φ(ηi,0){1− Φ(ηi,0)}

[
log

{
Φ(ηi)

1− Φ(ηi)

}
− log

{
Φ(ηi,0)

1− Φ(ηi,0)

}]2
)

+ var{g(ηi,0, ηi)}

≤ 1

2
E

[
log2

{
Φ(ηi)

1− Φ(ηi)

}
+ log2

{
Φ(ηi,0)

1− Φ(ηi,0)

}]
+ E{g2(ηi,0, ηi)} <∞. �

Then

lim
n→∞

n−2
n∑
i=1

Vn,i(β0, β) = 0.

LEMMA S2. For any sufficiently small ε > 0 and 0 < r < ε2, let

An =

{
n∑
i=1

|Φ(ηi)− Φ(ηi,0)| ≥ nr

}
,

where ηi =
∑q

k=1 α0,kWi,k + p
−1/2
n

∑pn
j=1 β(sj)Xi,j and ηi,0 =

∑q
k=1 α0,kWi,k +

p
−1/2
n

∑pn
j=1 β0(sj)Xi,j for any αv

0 = (α0,1, . . . , α0,q)
T ∈ Rq. There exist N and D > 0

such that if for all n > N and for all β ∈ Θn,

Π

p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj) {β(sj)− β0(sj)}

∣∣∣∣∣∣ > ε

 > ε,
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then 115

Π
(
ACn
)
≤ ε2

r
exp(−Dn), Π

( ∞⋃
m=1

∞⋂
n=m

Am

)
= 1.

Proof. Let η0 =
∑q

k=1 αkWk + p
−1/2
n

∑pn
j=1 β0(sj)X(sj) and η =

∑q
k=1 αkWk +

p
−1/2
n

∑pn
j=1 β(sj)X(sj), where (W1, . . . ,Wq) has the same joint distribution with

(Wi,1, . . . ,Wi,q) for i = 1, . . . , n. Note that ηi and ηi,0 are independent copies of η and
η0, respectively. Let Mα = maxk |αk| and Mβ = max{sups |β(s)|, sups |β0(s)|}. By the mean
value theorem, we have

|Φ(η)− Φ(η0)| = φ(ξ)p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj){β(sj)− β0(sj)}

∣∣∣∣∣∣ ,
where φ(x) = (2π)−1/2 exp(−x2/2) and min{η, η0} < ξ < max{η, η0}. Thus, φ(ξ) >
φ(max{|η|, |η0|}). Then by Conditions S1 and S2, for any λ > 0,

Π {|Φ(η)− Φ(η0)| ≤ ε}

≤ Π

φ{max(|η|, |η0|)}p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj){β(sj)− β0(sj)}

∣∣∣∣∣∣ ≤ ε


≤ Π

p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj)[β(sj)− β0(sj)]

∣∣∣∣∣∣ ≤ ε(2π)1/2 exp

1

2

p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj)

∣∣∣∣∣∣Mβ + qMαMw


2

≤ Π

p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj){β(sj)− β0(sj)}

∣∣∣∣∣∣ ≤ ε(2π)1/2 exp{1/2(λMβ + qMαMw)2}


+Π

p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

X(sj)

∣∣∣∣∣∣ > λ


≤ 1− ε(2π)1/2 exp{1/2(λMβ + qMαMw)2}+ exp{−λ2/(2σ2

B)}. �

Take λ = {−2σ2
B log(ε)}1/2, then we have

Π{|Φ(η)− Φ(η0)| > ε} > ε(2π)1/2 − ε > ε.

Applying the similar approach in the proof for Lemma A4 completes the proof.

Suppose αv
0 = (α0,1, . . . , α0,q)

T is known. For any r > 0, we consider β0 and β1 that sat-
isfy

∑pn
j=1 |β1(sj)− β0(sj)| > rpn. Let ηi,m =

∑q
k=1 α0,kWi,k + p

−1/2
n

∑pn
j=1 βm(sj)Xi,j , for 120

m = 0, 1. Let δ+
i = I[Φ(ηi,1) > Φ(ηi,0) + r0] and δ−i = I[Φ(ηi,1) < Φ(ηi,0)− r0]. By Condi-

tion A4·3, there exists δ > 0, Π
[
p
−1/2
n

∣∣∣∑pn
j=1X(sj)(β1(sj)− β0(sj))

∣∣∣ > δ
]
> δ. By Lemma

S2, there exists 0 < r0 < δ2,
∑n

i=1 |Φ(ηi,1)− Φ(ηi,0)| > nr0 > (n+ 1) r02 with probability one
for sufficiently large n. Fixing n and {sj}pnj=1, we can consider η = η(X) =

∑q
k=1 α0,kWi,k +

p
−1/2
n

∑pn
j=1 βm(sj)X(sj) as a function of X = [X(s1), . . . X(spn)]. By Lemma 3 in Ghosal & 125

Roy (2006), there exists K0 > 0 such that either n+ =
∑n

i=1 δ
+
i > K0n or n− =

∑n
i=1 δ

−
i >

K0n.
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LEMMA S3. Suppose n+ > K0n. We construct the test statistic

Ψn[β0, β1] = I

[
n∑
i=1

δ+
i {Yi − Φ(ηi,0)} > n+r0/2

]
for the hypothesis testing problem

H0 : β = β0 ∈ Θ, H1 : β = β1 ∈ Θ,

such that for any n > N , we have

Eβ0{Ψn(β0, β1)} ≤ exp(−r2
0K0n/2),

and for any β with ‖β − β1‖∞ < r0/{4c1/2
max},

Eβ{1−Ψn(β0, β1)} ≤ exp(−r2
0K0n/8),

for some r0 and N .

Proof. By Hoeffding’s inequality (Hoeffding, 1963, Theorem 1),130

Eβ0 {Ψn(β0, β1)} = Πβ0

{∑n
i=1 δ

+
i Yi

n+
− Eβ0

(∑n
i=1 δ

+
i Yi

n+

)
> r0/2

}
≤ exp(−n+r2

0/2) ≤ exp(−K0r
2
0n/2).

Let

ηi =

q∑
k=1

α0,kWi,k + p−1/2
n

pn∑
j=1

Xi,jβ(sj).

By Condition A3·2, for any β such that ‖β − β1‖∞ ≤ r04−1c
−1/2
max , for any i = 1, . . . , n,

|Φ(ηi)− Φ(ηi,1)| ≤ |ηi − ηi,1| = p−1/2
n

∣∣∣∣∣∣
pn∑
j=1

Xi,j(β(sj)− β1(sj))

∣∣∣∣∣∣ ≤ (cmax)1/2 r0

4(cmax)1/2
=
r0

4
.

Then

Eβ{1−Ψn(β0, β1)} = Πβ

[
n∑
i=1

δ+
i {Yi − Φ(ηi,0)} ≤ n+r0/2

]

= Πβ

[
n∑
i=1

δ+
i {Yi − Φ(ηi)}+

n∑
i=1

δ+
i {Φ(ηi)− Φ(ηi,1)}+

n∑
i=1

δ+
i {Φ(ηi,1)− Φ(ηi,0)} ≤ n+r0/2

]

≤ Πβ

[
1

n+

n∑
i=1

δ+
i {Yi − Φ(ηi)} ≤ −r0/4

]
≤ exp(−n+r2

0/8) ≤ exp(−K0r
2
0n/8),

which completes the proof. �

Then applying the similar argument for Lemma 5, we can construct uniform consistent tests
for model (6) in the following lemma,

LEMMA S4. For any ε > 0, there exist N , C > 0 such that for all n > N and all β ∈ Θn , if135

‖β − β0‖1 > ε, a test function Ψn can be constructed such that

Eβ0(Ψn) ≤ exp (−Cn) , Eβ(1−Ψn) ≤ exp (−Cn) .
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Similar to Theorem 2, the proof of the posterior consistency for model (6) is achieved by
verifying the conditions in Theorem A.1 of Choudhuri et al. (2004). In particular, we have the
conditions on prior positivity of neighborhoods by Lemma S1. To establish the existence of
tests, we have the upper bound of the tail probability based on Lemma 4, uniform consistent 140

tests from Lemma S4 and Condition A1. The sign consistency holds due to the nature of the
soft-thresholded Gaussian process prior.

13. THEORETICAL PROPERTIES FOR MODEL REPRESENTATION

In this section, we discuss theoretical properties for the model representation and prior speci-
fications in Section 4.1 for posterior computation. In particular, when L→∞,

β̃(s) =

∫
K̃(‖s− t‖)a(t)dt,

where a ∼ GP(0, κa), K̃(‖s− t‖) = K(‖s− t‖)/w(s) and

w(s) =

{∫ ∫
K(‖s− t‖)κa(t, t′)K(‖s− t′‖)dtdt′

}1/2

.

For any finite L > 1 and any knots {tl}Ll=1, we have a(tl) = al and the covariance kernel κa
is constructed by the conditional autoregressive model (7): [κa(tl, tl′)]L×L = σ2

a(M − ϑA)−1. 145

This implies that β̃ ∼ GP(0, κβ) with κβ(s, s′) =
∫ ∫

K̃(‖s− t‖)κa(t, t′)K̃(‖s′ − t′‖)dtdt′
and κβ(s, s) = 1. Of note, to establish large prior support properties in Theorem 1, we need
Condition A5. Although κβ does not satisfy Condition A5 in general, we still can establish the
large support properties for the soft-thresholding prior model for a sub space of the true coeffi-
cient functional space Θ. In particular, we need the following definition: 150

DEFINITION S1. Define

Θ̄ =

[
gλ{β̃(s)} : β̃(s) =

∫
K̃(‖s− t‖)a(t)dt, λ > 0, a ∈ RKHS(κa)

]
,

where RKHS(κa) is the reproducing kernel Hilbert space of κa; see (2.3) in Ghosal & Roy
(2006).

Now we establish the large support in Θ̄ by the following theorem.

THEOREM S1. For a function β0 ∈ Θ̄, there exists λ0 > 0 such that the soft-thresholded
Gaussian process prior β(s) = gλ0{β̃(s)} with β̃(s) =

∫
K̃(‖s− t‖)a(t)dt and a ∼ GP(0, κa)

satisfies

Π (‖β − β0‖∞ < ε) > 0, for all ε > 0.

Proof. Based on the definition of Θ, we have Θ̄ ⊂ Θ. If β0 ∈ Θ̄, then there exists a smooth
function a0(t) ∈ Cρ(B) and λ0 > 0, such that β0(s) = gλ{β̃0(s)} and β̃0(s) =

∫
K̃(‖s− 155
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t‖)a0(t)dt. Then we have

Π

{
sup
s∈B
|β(s)− β0(s)| < ε

}
= Π

[
sup
s∈B
|gλ0{β̃(s)} − gλ0{β̃0(s)}| < ε

]
≥ Π

{
sup
s∈B
|β̃(s)− β̃0(s)| < ε

}
= Π

{
sup
s∈B

∣∣∣∣∫ K̃(‖s− t‖)a(t)dt−
∫
K̃(|s− t|)a0(t)dt

∣∣∣∣ < ε

}
= Π

{∫
K̃(‖s− t‖) |a(t)− a0(t)| dt < ε

}
≥ Π

{
sup
t∈B
|a(t)− a0(t)| < ε/MK

}
> 0,

where MK = sups∈B
∫
K̃(‖s− t‖)dt <∞. The last inequality is based on Theorem 4

in (Ghosal & Roy, 2006). �

Given the large support properties, using similar arguments in Theorems 2, 3 and 4, we can
establish the posterior consistency and sign consistency for models (1) and (6) for any β0 ∈ Θ̄160

without using Condition A5.

14. ADDITIONAL SIMULATION STUDY RESULTS

Table S1 presents the functional principal component analysis (Xiao et al., 2013) and the fused
lasso results for different values of the tuning parameters. Table S2 shows the selection accuracy
of the Gaussian process approach.165
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Table S1. Simulation study for the linear model fitting by fused lasso with three choices of the
tuning parameter γ̃ and the functional principal component analysis with different percent vari-
ation explained

Mean squared error for βv, multiplied by 104

Signal n τ σ ϑx FL, 1/5 FL, 1 FL, 5 FPCA, 80% FPCA, 90% FPCA, 95%

Five peaks

100 0 5 3 26 (1) 22 (0) 191 (4) 36 (0) 36 (0) 37 (0)
100 0 5 6 30 (1) 22 (0) 31 (3) 33 (0) 34 (0) 34 (0)
100 0 2 3 17 (0) 11 (0) 45 (1) 26 (0) 24 (1) 26 (1)
250 0 5 3 19 (0) 13 (0) 17 (0) 27 (1) 30 (0) 30 (0)

Triangle

100 0 5 3 10 (0) 9 (0) 180 (4) 17 (0) 18 (0) 18 (0)
100 0 5 6 10 (0) 8 (0) 67 (10) 15 (0) 16 (0) 17 (0)
100 0 2 3 6 (0) 5 (0) 38 (1) 12 (0) 13 (0) 13 (0)
250 0 5 3 7 (0) 6 (0) 8 (0) 14 (0) 15 (0) 15 (0)
100 2 5 3 7 (0) 8 (0) 678 (14) 10 (0) 10 (0) 11 (0)
100 4 5 3 6 (0) 6 (0) 694 (14) 4 (0) 4 (0) 4 (0)

Waves
100 0 5 3 323 (9) 250 (5) 578 (9) 227 (5) 190 (6) 188 (7)
100 0 5 6 349 (7) 233 (4) 664 (10) 246 (5) 145 (3) 126 (2)

Type I error (%)

Signal n τ σ ϑx FL, 1/5 FL, 1 FL, 5

Five peaks

100 0 5 3 66 (2) 14 (1) 19 (0)
100 0 5 6 81 (1) 37 (1) 9 (0)
100 0 2 3 72 (1) 24 (1) 17 (0)
250 0 5 3 70 (1) 19 (1) 3 (0)

Triangle

100 0 5 3 24 (2) 5 (0) 20 (0)
100 0 5 6 37 (2) 8 (1) 6 (1)
100 0 2 3 28 (2) 7 (1) 19 (0)
250 0 5 3 22 (2) 5 (0) 1 (0)
100 2 5 3 7 (1) 1 (0) 20 (0)
100 4 5 3 2 (1) 1 (0) 20 (0)

Power (%)

Signal n τ σ ϑx FL, 1/5 FL, 1 FL, 5

Five peaks

100 0 5 3 88 (2) 55 (2) 35 (1)
100 0 5 6 96 (1) 80 (1) 47 (1)
100 0 2 3 97 (0) 84 (1) 56 (1)
250 0 5 3 96 (1) 77 (1) 46 (1)

Triangle

100 0 5 3 95 (1) 85 (1) 50 (1)
100 0 5 6 98 (0) 91 (1) 67 (2)
100 0 2 3 98 (0) 95 (0) 80 (1)
250 0 5 3 97 (0) 92 (1) 81 (1)
100 2 5 3 86 (1) 77 (1) 38 (1)
100 4 5 3 84 (1) 82 (1) 38 (1)

Type I error: proportion of times estimating zero coefficients to be nonzero; Power: proportion of times estimating
nonzero coefficients to be nonzero; FL, γ̃: the fused lasso approach defined in (9) in the main text with tuning
parameter γ̃ fixed and λ̃ selected based on Bayesian information criterion; FPCA, α %: the functional principal
component analysis approach (Xiao et al., 2013) using eigen vectors that explain α% of variation;
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Table S2. Selection accuracy by the Gaussian process approach

Linear regression
Signal n τ σ ϑx Type I error, % Power, %

Five peaks

100 0 5 3 3 (0) 48(1)
100 0 5 6 3 (0) 42(1)
100 0 2 3 7(0) 77(1)
250 0 5 3 6 (0) 74(1)

Triangle

100 0 5 3 3 (0) 80(1)
100 0 5 6 2 (0) 77(1)
100 0 2 3 5 (0) 96(0)
250 0 5 3 4 (0) 95(0)
100 2 5 3 2 (0) 70(1)
100 4 5 3 2 (0) 78(1)

Binary regression
Signal Type I error, % Power, %

Five peaks 10 (0) 55 (1)
Triangle 8 (0) 98 (0)

Type I error: proportion of times the 95% posterior credible intervals of zero coefficients including zero; Power:
proportion of times the 95% posterior credible intervals of nonzero coefficients excluding zero.


