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SUMMARY 10

This Supplementary Material is organized as follows. Sections 1, 2, 4 and 9 present the proofs
for Lemmas 1, 3, 4 and 5. Sections 3, 5-8 show the proofs for Lemmas A1-AS5. Sections 10
and 11 present proofs for Theorems 2 and 3. Section 12 presents Conditions S1-S3, Lemmas
S1-S4 and the proof for Theorem 4. Section 13 includes Definition S1 and Theorem S1 which
establishes the theoretical properties of model representations. Section 14 shows the additional s
simulation results in Tables S1 and S2.

1. PROOF OF LEMMA 1

Proof. Consider three cases:
In Case 1: |z1]| < Aand |z2| < A,

lgx(z1) — ga(z2)| = 0 < |21 — 22].
In Case 2: max{|z1]|, |z2|} > X and min{|z1|, |z2|} < A, "

|9A(96‘1) —9/\(482)|
= max{|z1], [z2]} — X < max{|x1], [r2|} — min{|z1|, |[z2]} < |21 — 22].

In Case 3: |z1]| > Aand |z2| > A,
lga(21) — ga(z2)| = lsgn(z1)(|z1] = A) —sgn(z2)(|z2] = A)[.
When sgn(z)sgn(z2) = 1,
[sgn(z1)(z1| = A) = sgn(z)(Jea| — A)| = |(Jo1] = A) = (Jz2 = M) < 21 — 22,
When sgn(z1)sgn(ze) = —1,

[sgn(z1) (21| — A) — sgn(z2)(|z2| — A)|
= |(|$1| — )\) + (’l'2| — )\)| = ’l'1| + |IL‘2| -2\ = ‘1'1 —$2| — 2\ S |l‘1 —l’g’. O
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Proof. Note that
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PROOF OF LEMMA 3

Tn,i(Zni; B) = m(Yi | Wi, Xi, oq, B, 00) 7 (X3)m(W5),

s where Y; follows model (1). Let Y; = Y; — W ay. Then Y; ~ N {pn

It is straightforward to see that

An,i(Zn,i; 50; 6)

iy

on 2
Y; pnl/QZXi,jﬁ(s]-)} - {

204 =
Pn
s | |2n 2D Xij {Bo(s;) — Blsi)}
204 =

Given any ¢ > 0, let B(()
any 8 € B,

K,.i(Bo, B)

1

- FE
20(2]

{Zp” Xij {Bo(s;) — B(s;)}

5(83‘)}]

Pn
Y Xii {Bo(sy)

Jj=1

2
1

2
200

and

Vn,i (607 ﬁ)

(i

= {B(5) : supsep B(s)

2
Pn1/2Xi,j{»30(5j)5(53)] [W Zp i (Bl Sﬂ”ﬁsf}‘X

1/2

i B(Sj)Xz‘,jJ(z)}-

o 2
=0, XiiBo(s)) } ]

J=1

j=1

Pn
2Y; — p,'/? ZXi,j {Bo(s;) + 5(31‘)}] ) :

— Bo(s)| < ¢}, then by Condition A3.2, for

W}XD

2Y anl/szE{ﬁo(SJ)
7j=1

2
CmaxC
2
204

9

|

2
_1/2 CmaxC2
= ZXZJ {Bo(s;j) = B(sj)}| < 7 -
‘70 = 99
30 Thus,
1 & 1 o Cmax(?
ﬁzm,n(ﬁ(ﬁﬁ)gﬁz QC —)O,TL—>OO.
s i 9
Consider 8 € B(C), then n™ 1 >0 | K (B0, 8) < cmax(203) 7! {sup,ep|B(s) — Bo(s)|}2. By

Theorem 1, for any 0 < € < (2,

n {i;m,n%,ﬁ) < s}

> 11 {igg 1B(s) — Bo(s)] <

20’0\[
C

max

)
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3. PROOF OF LEMMA Al
Proof. Define

Onk = {ﬁ(s) € C’(Ry) : sup |D7B(s)] < p711/(2d)’0 <7l < ,0},
SER
for k = —1,0,1. By Lemma 2 of Ghosal & Roy (2006), there exists ¢; > 0 such that
N(&,Onk, | - [loo) < Ckp}l/@p)g—d/p.

Since
en c Gn,—l X @n,O X @n,l‘
Then
1
N On, || lloo) < T Nele, On 1l - lloo)-
k=-1
and
1
IOgN(E, @nv ” ! HOO) S Z IOgN(€7 @n7k’ H ' HOO) S Cp}/(ZP)E*d/pj
k=—1
where C' = c_1 + ¢g + ¢1. O

4. PROOF OF LEMMA 4
Proof. By (2), we have ((s) = gAQ{BV(s)} with 5 (s) ~ GP(0, k). Let Ry = {s: 8(s) > 0}
and R_1 = {s: B(s) < 0}. Then 3¥(s) = B(s) + Ag for s € Ry and 5¥(s) = B(s) — Ao for
s € R_1, For any 7 with 0 < ||7][1 < p, we have D" 3¥(s) = D7 3(s) for any s € B. Consider

SER1 SER_1

+ ) o

<7l <p

H[@g} <II { sup \Bv(s) — Xo| > p,ln/(2d)} + H{ sup \Bv(s) + Aol > p,ll/(zd)}

sup  |D7BY(s)| > pi/@d)] :
SER1IUR 1

Note that 5V(s) + Ao ~ GP (A, k) and 5¥(s) — Ag ~ GP(—Xo, k). By Theorem 5 of Ghosal &
Roy (2006), there exist positive constants K_1, K1, K, b_1, b1 and b, such that,

H{ sup |8Y(s) + ol > pi/@d)} < K_yexp(—b_1p'/%),
SER_1

n { sup 5%(5) + Aol > p;/@d)} < Ky exp(—bip!/),
SER1

I { sup  |D7BY(s)| > p}/@d)} < K, exp(—brp*/9). O
SER1IUR 1

Take K = K_1+ K1+ ) K7 and b = min{b_1, by, min;<|;<, br }.

7:0<|7|<p

35

40
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5. PROOF OF LEMMA A2

Proof. Given that v is continuous, V. . is an open set and there are a countable collection of

disjoint open regions, denoted Vi, Vs, . . ., such that
[e.9]
Vz—:,'y = U ka
k=1
where open region Vj, with volume A(V) > 0. By Condition 3, we have B = ?gl B;. For

j=1,...,pn, define A; = {k:s; €V}, U;j = UkeAj YV, and U = U§l1 U;. Then U D V. 4.
It covers the same set of spatial locations {s; }?Zl as V. 5 and A(U) > A(Vz,). Also, given n, U
is equal to the union of a finite number of disjoint open regions Vj, rewrite them as Wy, ..., W,.
Then U = | J;-y Wi. For each k = 1,...,m, Wy, contains at least a number of | \(Wy)Kpy, |
spatial locations since the maximum volume of the disjoints ; which contains and only contains
s;’s is smaller than 1/(Kp,) by Condition A4. Let s} be the spatial location that is most close
to W, among all s;’s not in U{. Since D is dense in 3, there exist (s) differentiable points in
W, and let ¢, be one of such points, then ||s} — t1||o0 < {1/(Kpn)}1/d. By Taylor expansion,
we have

I (s)] + \%k)(s;; )

s + | Ra (s, tr)| > |v(te)| > €.

Thus,
1/(2d) 1/d

" + v + v
(st >e—{p” + —Ln }

d(Kpp)t/d ~ 2d2(Kp,)%/?

Let N be a large integer such that for all n > N,

oDy ply e

A(Kp) /1 2 (Kpp)2/d = 2

Therefore, when n > N, |y(s})| > €/2. Let W} = W, U {s;}. Then W} contains at least a
number of [A(Wy)Kpy] + 1 or [A(Wy,)Kpy,]| spatial locations s;’s such that |y(s;)| > ¢/2.
Since none of spatial locations were counted more than once, by adding over all k, at least
A(Ve ) Kpy, spatial locations fall in V, /5 . O

6. PROOF OF LEMMA A3
Proof. Let v = max {SUPﬁoeRluR_l | D7 Bol,0 < ||7]1 < 1}. Let 0<d<e/A(B) and
Di={s:(i—1)0 <|B(s) — Bo(s)| < id}, then

[{pn! % 0}/6]
> iOAD) > (8- Bollr > e (S1)
i=1
Let (s) = |8(s) — Po(s)| and £x(s) = min{kd, £(s)},fork = 0,. .., p,. Note that {1 (s) = £(s)
when & = [{pi/ ®” + v} /8] in that £(s) < [|8]loc + [1Bolloc < 21> + 0.
Fork =1,...,pp, define & = {s : {x(s) > (2k — 1)§/2}. Note that £;,_; < (k — 1)d. Then
for all s € &, we have i (s) — lx_1(s) > (2k —1)§/2 — (k — 1)d = 6/2. Note that 3(s) and
Bo(s) are both in O, the differentiable points for ¢(s) — ¢;_1(s) are dense in B. By Lemma 5,



Supplementary material

there exists IV such that for all n > N,

jf;{mj) (s} > A,

Write

Pn Pn
> 18065) = Aol = Dy 49
J= J=

1/(2d)

pn [{ow/ D40} /6] [{pr/ @V 40} /6]
AN ER)Kopy
e DED DI TACH ISVARTEN) SRR PN
=1 k=1

k=1

In addition, for k = 1,..., pn,

[{p/ D 40} /5]
gk- D) U Dia
i=k+1

which implies that

[{pr/ Y 40} /6]
&) > Z A(D;)
i=k+1
[{pr/ CY 40} /6] [{pr/ D0} /8] [{py/ D 40} /6]

doME = D) > Dy

k=1 k=1 i=k+1

[{pr/ P 40} /6]

= > (i—1DANDy)
1=2

[{pr!/ @ 40} /6] [{pn/ @D 40} /67

= D, WD)- Y, Ay
i=1 =1

[{pr/ D40} /6]

> iND;) — \(B)
=1

By (SD),

[{pn/ D 40} /5]
SN(EL) =& — A(B)4.
k=1

Taking r = K {c — A\(B)d}/4 completes the proof.
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55 7. PROOF OF LEMMA A4
Proof. Let
Pn
Bue =1 (@1, 250" [0 2D wi{B(s;) = Bols)}| > &

j=1

Recall that X; = (X;1,...,X;,,)T are independent copies of X(s1),...,X(sp,). Then

H[X; € Bye]>cforall i=1,...,n. Let W, =n—>." | I(X; € B,.) and notice that

W, ¢ follows an binomial distribution with number of trails  and probability 1 — II(X; € By, ).

Let U,, . have a binomial distribution with number of trails n and probability 1 — €. Then U, . is
s stochastically dominates W, .. For any ¢ > 0,

n Pn
I (AS) =10 | Y p, 2D Xi i {B(s;) — Bolsy)}| < mr
i=1 j=1

<II

=II{W,.>n(l—-r/e)}

€ {Zn:I(Xi € Bn@)} < nr

=1

<IH{Une >n(l—r/e)}
= II [exp(tUp ) > exp{tn(l —r/e)}]

< (e + (1— &) exp(t)}" exp{—tn(1 - r/2)}.

Take t = log{(¢2 —r¢)/(r —re)} and D = te /(e — 1),

g2

I [Aﬂ < —exp(—Dn).

T

Applying Borel-Cantelli lemma completes the proof. O

8. PROOF OF LEMMA A5
Proof. Condition A4.3 implies that, for any r > 0, there exists § > 0, if 81 and [ satisfy with

Pn
Pt Y 1Bi(sy) = Bolsy)] > 7,
=1

then

Pn

I | p 2 X (s){Bu(s5) — Bo(s))}| > 6| > 6.

J=1

By Lemma A4, for any 0 < ry < 62, with probability one that there exists Ny > 1 such that for
all » > Ny,

n
> mia = miol = nro.
=1
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Now consider,

Egy {Un(Bo, B1)} = g, {25 ( Uomo) S 2n7+1/2}
S () -
~ 0

=1

=1-@(2n") < $(2n7) 2*1(2@*1/2%_

- 2n7 n’

Let

ZQOszk-FPnIQZX,Jﬁ (s)-

7j=1

By Condition A3-2, for any 3 such that |5 — [ ||ec < ro/(4c},{§x),

Pn
— 172 - . , 2 0 _To . _
mi —ni1l = py, / Z;Xw{ﬁ(sj) — Bi(s)} < Cn{axélcl/fx =1 1=1,...,n.
= M.
Then 65
Eﬁ{l — (ﬁo,,ﬁl } Hﬁ {25 < 7710) < 2n7+1/2}
00

g0

:HB{ —1/225 < > —1/225 <"774 77@ 1) —1/22 §2n7'}
=1
/2 1/2
<Tlz{n 2 —h) Lo Ton om’ .
< ,3{ Z(S < S low . + 2n

There exists N > N such that for all n. > N, n™ < n'/2ry(400)~" since 7 < 1/2. This further
implies that

1/2
Eﬁ{l—wﬂo,m)}éﬂ{ ‘1/225( m) < }

1/2 2
roN 400 nrg
=0 |- < — ——9 .
( 40 ) = To(2mn) 12 eXp( 32(;3)

Thus, taking Cy = max {271(27)7Y/2, dogry ' (2m)71/2} and C1 = 12/(3203) completes the

proof. O
9. PROOF OF LEMMA 5 70

Proof. Let 1y be the same number in Lemma AS. Let t = min{4_1cr;;)/(2ro, £/2}. Let N; be

the ¢ covering number of ©,, in the supremum norm. Let 31, ..., 3Vt € ©,, be such that for each

B € O, there exist at least one [ such that || — 3'|« < t.Forany 3 € ©,, define

\Ifn—11<nax v (Bo,ﬁ).
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If ||3 — Bolloo > &, then || 3" — Bolleo > /2 for (! that satisfies with |3 — 8!]|eo < t < /2. By
Lemma A3, there exist N and > 0 such that ?Zl |8Y(s;) — Bo(sj)| > rpn. By Lemma A3,

7o can be chosen such that for [ = 1,..., Ny, if |3 — B|ec < t < 4_1051;42, for all n > N,
Es{¥n(Bo, ")} < Coexp(—2n""),
Eﬁ{l - \I]n(ﬁmﬁl)} < C(] eXp(—Cl’I’L),

where 7, Cp and C are the same values in Lemma AS5. Furthermore,
Nt
Eg (¥,,) < Z ,,(Bo, B) < CoNy exp(—2n2Y) = Cy exp(log Ny — 2n2?)
=1

< Cyexp {Cp}/(Qp)t*d/p B QHQU}

< Cpexp <C’nvot—d/p _ 2n2v>

= Coexp {—(2 - Cn“O_ZUt—d/p)nzv} '
When Ct~/7 < 2,

Eg,(¥n) < Coexp {—(2 — Ct*d/p)n%} '
When Ct=%? >2, since vy —2v <0, there exists N; such that for all n > Nj,
Cnvo=2v¢=4/P < 1, then
By (W,,) < Coexp {—n?"}.

In addition,

Eg(1—-V,)=FEp 1551\,15{1 — W, (Bo, 51)}} < Ep [{1 - ‘I’n(ﬁo,ﬁl)}} < Coexp(—Cin).

Thus, taking Co=(2—Ct=¥P)I(Ct=¥P <2)+I(Ct=%?>2)>0 and N =
max{Ny, Nj} completes the proof. O

10. PROOF OF THEOREM 2
Proof. The proof can be done by verifying the conditions in Theorem A-1 of Choudhuri et al.
(2004). Specifically, we have the condition on prior positivity of neighborhoods by Lemma 3. By
Lemma 4, Lemma A5 and Condition Al, as n — oo,
Eg,(¥,) =0,

sup FEg(l1—¥,) < Coexp(—Cin),
BEUENO,

11(0%) < K exp(—bpL/?) < K exp(—Csn).

Thus, conditions on the existence of tests are established. d

11. PROOF OF THEOREM 3
Proof. Define U. ={B €O :||f—polh <e}. Let Ro={s:pPo(s) =0}, Ri={s:
Bo(s) >0}and R_1. = {s: Po(s) < 0}.
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For any A C B and any integer m > 1, define

fm(A)z{BEGz/AIB(S)—Bo(S)\dS<;L}-

Then F,+1(A) C Fp,(A) for all m and F,,,(B) C F, (A). 5
Consider

Fn(Ro) = {B co: [ |8(s)ds < ;L}

Ro

By Theorem 2 and the fact that U, /,,, = Fy,(B),
T{Fn(Ro) | Du} > LUy jy, | Di) = 1, n — 0.

In addition,

(3)ds =0} = [ (o).

0 m=1

{B(s) =0, forall s € Rp} = {/

By the monotone continuity of probability measure,

{A(s) = 0, forall s € Ry | Dy} = lim T{Fu(Ro) | Du} = Ln—o00.  (S2)

By Condition A2-3, for any sp € R1 and any integer m > 1, there exists dg > 0, such that

B(s1) = Blso)] < 5,

forany s; € B(sg,00) = {s: ||s1 — so||1 < do}. By Definition 2, R, is an open set. There exists
01 > 0, such that B(sg, 1) C R;. Taking 6 = min{dy,dp} > 0, we have that

1
{ﬁ(so) > ——, forall sg € Rl}
m

m
1
D / B(s)ds > ——, forall sg € Ry
B(s0.6) 2m

/ B(s)ds > / Bo(s)ds — i, for all sp € Rq
B(s0,0) B(s0,0) 2m
2 Fom|[B(s0,0)] 2 Uy jom-

Thus,
1
H{B(so) > ——, forall so € Rq | Dn} > (U jom | Dn) — 1, n — oo.
m

By the monotone continuity of probability measure,

IT{5(s) >0, foralls € Ry | D,,}

m— 00

1
= lim H{ﬂ(so) > o for all sp € Rq | Dn} —1, n— oo. (S3)
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Similar arguments can be made to show
II{B(s) <0, foralls € R_y | D} = 1, n — oc. (S4)
Combing (S2) - (S4) completes the proof. O

12. PROOF OF THEOREM 4
To prove the posterior consistency for model (6) in the main text, we need to introduce the
additional conditions and lemmas:

Condition S1. Let 0 = sup,cp var{ X (s)} < oc; and for any A > 0 and any p,, > 1,

Pn 2
A
< p, /2 ZX(sj) >\ p» < 2exp <_202)'

j=1 B

This condition holds for many stochastic processes. For example, X (s) is a centered Gaussian
process with uncorrelated covariance structure by Adler (1990).

Condition S2. There exists M,,, 0 < M,, < co such that max;<;<,{maxi<x<q |Wi x|} <
M., for any n > 1, with probability one.

Condition 3. For any o¥ € R7and 8 € ©,letn = >_{_; cu. W, +p;1/2 ?L B(sj)X(s5)

and 7, (x; ", ) denote its density function. There exists a normal density function as the en-
velop function of 7, (z; ", 8). That is, there exists M, 0 < My < 00, pir € R and o, > 0,

such that
M _
Wn(x;avvﬁ> S qu <x MF) )
On

Orn

where M, pir and o, may depend on ¥ and f3.
This condition holds when W; j, is bounded and X (s) is a Gaussian process.

LEMMA S1. Denote by m, i(-; B) the density function of Z,, ; = (Y;, W;, X;) in model (6) and
suppose Conditions A4, S1-S3 hold for X;. Define

An,i('; 607/3) = 10g Wn,i(';/B) - logﬂ—n,i('; 60))
Kn,i(ﬂ@vﬂ) = Eﬁo{An,i(Zn,i; BO; ﬁ)}v
Vi,i(Bo, B) = vargy{Ani(Zn,i; Bo, B) }-

There exists a set B with I1(B) > 0 such that, for any € > 0,

{5 € B,n!

Proof. Given any (>0, let B ={f8(s):sups,pl|B(s)—pPo(s)| <(}. For any

—1/2 "
BeB, let =20 axWip+pa 20 B(s)Xij. Let mio= Y0 axWiy +

—1/2 —pn,
pn! i Bo(sj)Xi . Let M, = maxy |ag| and Mg = max{sup, |3(s)|, sup, [Bo(s)|}-

Note that

n

K, i(Bo, B) < 6}] >0, n? ZVM(BO,B) — 0, forall 8 € B.

=1

lim inf IT

n—oo

n
=1

Tni(Znis B) = m(Ys | Wi, X5, ag, B)7(X;)m(W5),
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where Y; follows model (6). Then Y; ~ Bernoulli {®(;)}. It is straightforward to see that
r(Y; | Wi, X a3, 8) = (n)" {1 = @)},
m(Y; | Wi, Xi, a5, Bo) = ®(mi0) {1 = ®(mi)}' .
Then

Ao o) = Yo { L 1= viytog {0

Then 105
Kn,i(Bo, B) = E{An,i(Zns; Bo, B)}

- e 20} 1 s =30

Let g(ni0,7m:) = ®(ni0) log { f(gfg)} + {1 — ®(n;p)}log { 117_;5;’,"3) } Forany 0 < g9 < 1/2,
Kn,i(Bo, B)

= B [g(ni,0,m) I {max(|nl, [mi]) < =@~ (e0)}] + B [9(mi,0,m:) I{max(|miol, [n:]) > 7 (e0)}] -
By Lemma 5 in Ghosal & Roy (2006), there exists L depending only on €, such that

E [g(ni.0,m) H{max(|mi o, [ni]) < =@~ (20)}]

< LE [{®(n;) — ®(n:0)}* - I{max(|niol, [mi]) < =" (e0)}]
< LE [{®(n;) — ®(n:0)}7]

< LE(n; — mip)*

< Lemax(?

By Cauchy—Schwarz inequality,
E [g(ni,0,mi) I {max(|miol, [:]) > =@~ (c0)}]

< [E{g*(mi0,m) } T {max(|n; ], [ni]) > =~ (c0) }] v

where
E{g*(mi0.mi)}

< 2F [@(mﬂ)?log? {(IZD((TZZO))} +{1 = ®(ni0)}* log’ {11__5(,(,:;))}]

2 [0 |y o f 100
<26 o {05} e {105
< 4E [log? ®(n;) + log? ®(n;0) + log* {1 — @ (1)} + log*{1 — ®(1i,0)}] -

By Condition S3, E {¢*(n0,7:) } is bounded. In particular,

1
E{log?® ®(n;)} < MW/O log?[®{o-® 1 (2) + pur }]dz.

By L’Hospital’s Rule,

lim log(x) = i
20 log[®{ox®~1(z) + pir}] 02’
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for any o > 0 and p € R. Since fol log?(x)dx = 2, then E{log?® ®(n;)} < co. Similarly, we
can show that E{log?{1 — ®(1;)}} < oo, E{log® ®(1;0)} < co and E[log?{1 — ®(n;0)}] <

110  OQ.
By Conditions S1 and S2,

lim II {max(\m,d, |ni|) > —@_1(50)} =0.
eg—0

Thus, take € such that,
E [9(77@07771‘)1{max(’77i,0’v ‘771’) > _(I)_l(g())}] < LCmaxCQ-

Hence, there exists L > 0, such that for any 5 € B,
2
_lanz /807 < 2CmaxL {squ(s) _BO(S”} .
se

By Theorem 1, for any 0 < € < (2,

s

In addition,
Vn,i(Bo, B) = varg, {An,i(Zn; Bo, B)}
=F <Var [Y; log{ () } +(1- Yi)log{ V) } | Xz,W} + var {g(mi,0,7:) }

> 11 {sup 18(s) — B(s)| < 51/2/(2Lcmax)} > 0.

seB

®(ni0) 1 —®(ni0)
_ (‘I)(m,o){l ~ o)} [l { 2P 1o {%H) +var{g(mso,m))
< %E {logz {%} + log? {%H + E{g*(mi0,mi)} < oo. O]
Then

Jim. n2> Vni(Bo, B) =

=1

LEMMA S2. For any sufficiently small ¢ > 0 and 0 < r < €2, let

Ap = {2} |®(m:) — (ni0) > m“} ;

—1/2 pn
where = apsWik +pn’ b B(si) Xy and  mio =Y p_y ao Wik +
/23 e ﬁo(sj)Xm for any of = (ao1,...,c04)" € RL There exist N and D >0

such that if for all n > N and for all B € O,

{2 |30 X (55) {8(55) — Bolsi)} | > €| > .

J=1
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then
2

I (Ag) < 87exp(—Dn), I ( [j ﬁ Am> =1
m=1n=m

~1/2 —pn
Proof. Let  no = >_{_; axWi + pn / U Bo(sj)X(s;)  and  mp=370_ Wi +
pﬁl/Q ?ll B(sj)X(s;), where (Why,...,W,) has the same joint distribution with

(Wix,...,Wiyq) for i=1,...,n. Note that 7; and ;o are independent copies of 7 and
1o, respectively. Let M, = maxy, |ax| and Mg = max{sup, |5(s)|,sup, |Bo(s)|}. By the mean
value theorem, we have

Pn

[@(n) = ®(n0)| = &(E)py/* | X (57){B(s5) — Bols;)}|

j=1

where ¢(x) = (27)" Y2 exp(—22/2) and min{n,n} < £ < max{n,ne}. Thus, ¢(&) >
¢(max{|n|, |no|}). Then by Conditions S1 and S2, for any A > 0,

{|(n) — ()| <)

115

< 11 | g{max(|a, Ino) 3o /2 |3 X (55)48(s5) — fols)}| < =
j=1
<11 (5230 X (s)[Bls) — ol )| < e2m) 2 exp | 1 3972 |37 X (s))| My + adaM,,
j=1 Jj=1
<11 [ 2 |37 X (s){8(5;) — fols)}| < =(2m)/2 exp{1/2(\M + gMo M)}
j=1

Pn
IS p, 2D T X ()| > A
j=1

<1 —e(2m) 2 exp{1/2(AMp + Mo M,)*} + exp{—)?/(20%)}.
Take \ = {—20%log(¢)}'/?, then we have
I{|®(n) — ®(no)| > e} > e(2m)Y/2 —e > e.
Applying the similar approach in the proof for Lemma A4 completes the proof.

Suppose o = (ag 1, ..,a04)" is known. For any 7 > 0, we consider 3y and 31 that sat-

. . —1/2 —pn
isfy D251 [B1(s5) = Bo(sj) > mon. Let nim = 311 a0k Wik + Pn / ") Bm(s5) X 5, for

m =0,1. Let 6; = I[®(n;1) > ®(mi0) + ro] and 6; = I[®(n;1) < ®(mi0) — ro]. By Condi-
tion A4-3, there exists 6 > 0, II [pﬁl/2 ‘ i X (s5)(Ba(sg) — Bo(sj))‘ > 5} > 0. By Lemma
S2, there exists 0 < 7o < 6%, Y1 | |[®(n;,1) — ®(mi0)| > nro > (n + 1)% with probability one
for sufficiently large n. Fixing n and {s;}}",, we can consider n = 1n(X) = > _; a0 Wi +
o/ ") Bm(s;)X (s;) as a function of X = [X(s1),... X(sp,)]- By Lemma 3 in Ghosal &
Roy (2006), there exists Ko > 0 such that either n™ = 3" | 6" > Konorn™ =" ,6; >
Kon.

120

125
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LEMMA S3. Suppose n™ > Kqn. We construct the test statistic

WalBo. B1] =1 | Y 67 {Yi = ®(mig)} > n'ro/2
=1

for the hypothesis testing problem
Hy:8=p€0©, Hi:8=p €0,

such that for any n > N, we have
Egy{n(Bo, B1)} < exp(—rgKon/2),
and for any B with |8 — 1|0 < 7“0/{401111/3)(},
Es{1 = W,(Bo, B1)} < exp(—r5Kon/8),
for some rq and N.

Proof. By Hoeffding’s inequality (Hoeffding, 1963, Theorem 1),
S 0Y; S5
E,BO {\Pn(ﬂ()aﬁl)} - HBO {271'_’_22 — E/BO % > 740/2
< exp(—n+r(2)/2) < exp(—KOrgn/Q).
Let

q Pn
mi=Y oW+ Pt/ DX iB(s;)-

By Condition A3-2, for any 3 such that || — 51|00 < 7”04_1051;{(2, forany:=1,...,n,

Pn
(@ (n) — (ni1)| < e — mial = o2 )Y Xig(B(s5) = Bu(5)))| < (ema) VPO = 0.

j=1 4(Cmax)1/2 4

Then

Eg{1l — Wy (fo, f1)} = g

D 5 (Y - ®(ni)} < n+r0/2]

=1

Z‘S;F{YQ —®(ni)} + Z5¢+{‘1>(77i) —®(ni1)} + Zd;r{q)(ﬁi,l) — ®(ni0)} <nro/2
=1 =1 =1

1 n
<Hg |5 > 0F Y- ()} < —7”0/4] < exp(—n*1§/8) < exp(~Korn/8),
i=1
which completes the proof. O

Then applying the similar argument for Lemma 5, we can construct uniform consistent tests
for model (6) in the following lemma,

LEMMA S4. For any € > 0, there exist N, C' > 0 such that for allm > N and all 8 € ©,,, if
|8 — Boll1 > &, a test function V,, can be constructed such that

Eﬂo(‘lln) <exp(—Cn), Eﬁ(l —¥,) <exp(-Cn).
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Similar to Theorem 2, the proof of the posterior consistency for model (6) is achieved by
verifying the conditions in Theorem A.1 of Choudhuri et al. (2004). In particular, we have the
conditions on prior positivity of neighborhoods by Lemma S1. To establish the existence of
tests, we have the upper bound of the tail probability based on Lemma 4, uniform consistent
tests from Lemma S4 and Condition Al. The sign consistency holds due to the nature of the
soft-thresholded Gaussian process prior.

13. THEORETICAL PROPERTIES FOR MODEL REPRESENTATION

In this section, we discuss theoretical properties for the model representation and prior speci-
fications in Section 4.1 for posterior computation. In particular, when L — oo,

=/Kms—wmmﬁ

where a ~ GP(0, kq), K(||s — t||) = K(||s — t||) /w(s) and

:{//waﬁm%wwKw&ﬁmww}w-

For any finite L > 1 and any knots {tl}lL: 1» we have a(t;) = a; and the covariance kernel &,
is constructed by the conditional autoregressive model (7): [k (¢, ty)] 1y = 02(M — 9A)~1
This implies that 5 ~ GP(0,r3) with rs(s,s') = [ [ K(||s — t]])ra(t, ') K(||s" — t'||)dtdt’
and rg(s,s) = 1. Of note, to establish large prior support properties in Theorem 1, we need
Condition AS. Although x5 does not satisfy Condition AS in general, we still can establish the
large support properties for the soft-thresholding prior model for a sub space of the true coeffi-
cient functional space ©. In particular, we need the following definition:

DEFINITION S1. Define

ox{B(s)} : s L/Kus—w><MtA>0aeRKHSwa,

where RK HS (kg) is the reproducing kernel Hilbert space of kq; see (2.3) in Ghosal & Roy
(2006).

Now we establish the large support in © by the following theorem.

THEOREM S1. For a function [y € O, there exzsts Ao > 0 such that the soft-thresholded
Gaussian process prior 3(s) = gx,{8(s)} with B(s) = [ K(||s — t|))a(t)dt and a ~ GP(0, ka)
satisfies

II(||B = Bolleo <€) >0, forall e > 0.

Proof. Based on the definition of ©, we have © C O. If 3, € ©, then there ex1sts a smooth
function ag(t) € CP(B) and Ao > 0, such that Go(s) = gr{Bo(s)} and Bo(s) = [ K(||s —
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t||)ao(t)dt. Then we have

1t {sup 5() ~ )] < <

= ;[TSUP 1920 {B(5)} — gro{Bo(s)}| < 6}

> 11 {ilelg\ﬁ Bo(s)| < 6}

iy
{

II/K%—WMU—%Mﬁ<%

(s — tl)a >ﬁ—/Kw—m%wﬂ<a}

ZH{wMMw—%@N<de}>&
teB

where My = supycp [ K(||s — t||)dt < co. The last inequality is based on Theorem 4
in (Ghosal & Roy, 2006). O

Given the large support properties, using similar arguments in Theorems 2, 3 and 4, we can
establish the posterior consistency and sign consistency for models (1) and (6) for any 5y € ©
without using Condition AS.

14. ADDITIONAL SIMULATION STUDY RESULTS

Table S1 presents the functional principal component analysis (Xiao et al., 2013) and the fused
lasso results for different values of the tuning parameters. Table S2 shows the selection accuracy
of the Gaussian process approach.
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Table S1. Simulation study for the linear model fitting by fused lasso with three choices of the
tuning parameter 7 and the functional principal component analysis with different percent vari-

ation explained

Signal n

100
100
100
250

100
100
100
250
100
100

100
100

Five peaks

Triangle

Waves

OO AN ODOOO OO0 1

Mean squared error for ¥, multiplied by 10*
FL,5 FPCA, 80%

<
B

FL, 1/5
26 (1)
30 (1)
17 (0)
19 (0)
10 (0)
10 (0)

6 (0)
7(0)
7(0)
6 (0)
323 (9)
349 (7)

DN L D e D b v Q
AN W W W W LWONW WWOa W

Signal n

100
100
100
250

100
100
100
250
100
100

Five peaks

Triangle

Signal n

100
100
100
250

100
100
100
250
100
100

Five peaks

Triangle

FL, 1
22 (0)
22 (0)
11 (0)
13 (0)

9 (0)
8 (0)
5(0)
6 (0)
8 (0)
6 (0)
250 (5)
233 (4)

ADOOCOO OO O N
N D Lt D e Q

ANV O O OO OO0 O M
LD L D e Q

191 (4)

31 (3)
45 (1)
17 (0)

180 (4)
67 (10)

38 (1)
8 (0)

678 (14)
694 (14)

578 (9)
664 (10)

N3
8

W W W WONW WWo W

N3
B

W LW W WONW WWwoN W

36 (0)
33 (0)
26 (0)
27 (1)
17 (0)
15 (0)
12 (0)
14 (0)
10 (0)
4(0)
227 (5)
246 (5)

Type I error (%)

FL, 1/5
66 (2)
81 (1)
72 (1)
70 (1)
24 (2)
37(2)
28 (2)
22 (2)

7(1)
2

Power (%)

FL, 1/5
88 (2)
96 (1)
97 (0)
96 (1)
95 (1)
98 (0)
98 (0)
97 (0)
86 (1)
84 (1)

FL, 1
14 (1)
37 (1)
24 (1)
19 (1)
5(0)
8 (1)
7(1)
5(0)
1(0)
1(0)

FL, 1
55 (2)
80 (1)
84 (1)
77 (1)
85 (1)
91 (1)
95 (0)
92 (1)
77 (1)
82 (1)

FL, 5
19 (0)
9(0)
17 (0)
30
20 (0)
6(1)
19 (0)
1.(0)
20 (0)
20 (0)

FL,5
35(1)
47 (1)
56 (1)
46 (1)
50 (1)
67 (2)
80 (1)
81 (1)
38 (1)
38 (1)

FPCA, 90%

36 (0)
34 (0)
24 (1)
30 (0)
18 (0)
16 (0)
13 (0)
15 (0)
10 (0)
4(0)
190 (6)
145 (3)

FPCA, 95%
37 (0)
34 (0)
26 (1)
30 (0)
18 (0)
17 (0)
13 (0)
15 (0)
11 (0)

4 (0
188 (7)
126 (2)

Type I error: proportion of times estimating zero coefficients to be nonzero; Power: proportion of times estimating
nonzero coefficients to be nonzero; FL, 4: the fused lasso approach defined in (9) in the main text with tuning
parameter 7 fixed and X selected based on Bayesian information criterion; FPCA, o %: the functional principal
component analysis approach (Xiao et al., 2013) using eigen vectors that explain % of variation;
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Table S2. Selection accuracy by the Gaussian process approach

Linear regression

Signal n 1 o Y, Typelerror, % Power, %
100 0 5 3 3(0) 48(1)

. 100 0 5 6 3(0) 42(1)
Fivepeaks 150 ¢ 2 3 7(0) 77(1)
250 0 5 3 6 (0) 74(1)

100 0 5 3 3(0) 80(1)

100 0 5 6 2 (0) 77(1)

. 100 0 2 3 5 (0) 96(0)

Triangle 555 0 5 3 4 (0) 95(0)
100 2 5 3 2 (0) 70(1)

100 4 5 3 2 (0) 78(1)

Binary regression
Signal  Type I error, % Power, %

Five peaks 10 (0) 55 (1)
Triangle 8 (0) 98 (0)

Type I error: proportion of times the 95% posterior credible intervals of zero coefficients including zero; Power:
proportion of times the 95% posterior credible intervals of nonzero coefficients excluding zero.



