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S1. NOTATION AND CONVENTIONS FOR THE GENEALOGICAL TRACING VARIABLES AND
MEASURES ON X®2

We first write an expression for the probability mass function of the genealogical random variables
(K, K?) described in Section 3-1. Let [No.,] = [No] X - -+ x [N,]. Then with a = (ag,...,a,_1) €

[No]M' x -+ X [N 1]V7, 2= (20, .., 2n) € XMoo x oo x XNn and k' = (K}, ..., kL) € [No.n], we
define
I[ n
Cl(aaz; kl) H p 1= )
p=1

With k2 = (k2,...,k2) € [No.n], we also define

k2
I(k2 € [N,]) 14 k2 I(k2=k})Gpo1(z,"7")
C’g(a,z,kl;k2):%n H(%#%v’“i 1app1> + ,} 1 Jp .
n p=1 Z G (p 1)

Note that with a, z fixed C1(a, 2; ) is a probability mass function on [Ny.,], as is Ca(a, 2, k*; -) when
(a,z, k') is fixed. With C; and Cy so-defined and

C(Avc; kl:z) = Cl(AvC;kl)C2(A7<vk1;k2)v (Sl)
it is evident that C'(A4, ¢; -) is the probability mass function of (K*, K?2).

We now recursively define a collection of measures on X®2, which include the measure 1, of Sec-

tion 3-2. We define G, = G2, p € {0,...,n}. Forany b € B, and writing z1% = (z},22), we define

NI (dal®) = Mo(da) {1(bo = 0)Mo(daf) + (b = 1), (dzf) }
and foreachp € {1,...,n},
Nibr (o}, day?) = My(w oy, deh) {16, = 0)My (a3, da2) + (b, = 1)d (da2) }

pl’

We now define, similarly to (1), pp, = Mé’” and forp € {1,...,n}, recursively,
:u’bo;p(S) = /)(2 :ubo;pfl(dle;gl)épfl(le;?l)Mﬁp(x;?hS)? S € X®2‘ (SZ)

It follows that for b € B,,, the measure i, described in Section 3-2 is defined by (S2).

S2. ALGORITHMS FOR COMPUTING THE ESTIMATES

Algorithm 2 provides pseudo-code for computing V.V (¢) in O(N) time after Algorithm 1 has been
run, with Lemma 6 providing its justification.

Algorithm 2. Computing V.V ().
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1. Let Sy, be an array of length N, initialized to 0.
2. For j € [N,],set So n(E2) < Son(EL) + ¢((2)/Nn.
3. Set

mY () (H NNﬁ 1) M (©)* = Y Son(i)?
p=0""F

1€ [No]
4. Set VN () < n¥ ()% — m¥ (p).
LEMMA 6. Forany ¢ € L(p), mY (¢) = ué\; (0®2) /4N (1)2.

Proof. We have Sy ,[i] = N, ! D ieINu] Bl =i ©(¢2), for each i € [Ny] upon completion of step 2 of
Algorithm 2. Noting that

2
1 . . 1 )
2 PGe@ =@ = D {5 D ey
i,5:Ei £E, i€[No] Bl =i
the result follows from (11) and (13). O

Algorithm 3 provides pseudo-code for computing each v}, (¢), p € {0,...,n} in O(Nn) time after
Algorithm 1 has been run, with Lemma 7 providing its justification. The computation involves indexing
sets of offspring indices, which we define as

O, ={j €[Nppa] : A, =i}, pe{0,...,n—1}, i€[N]. (S3)
Algorithm 3. Computing each v]]g\fn(go), and v (o).

. Let S,, , be an array of length NN,,, such that S, , (i) = ¢(C%)/Ny,.
. Foreachp=n—-1,...,0:
a. Let S, be a zero array of length V.
b. For j € [Np+1], set Spn(A}) < Spn(AL) + Spr1,n(d)
3. Foreachp € {0,...,n—1}:
a. Lett, be an array of length N, such that ¢,,(i) = G,(;)/ 22 e, Gp(Ch)-
b. Let g, be a zero array of length No. For j € [N,], set go.,(E?) < go.p(E2) + t,(4).
n N, .
4. setml (9) « (ITpzo 25) {7 ()2 = Siciveg Son(D?}-
n Ny ; i
5. Setmi,,(¢) ¢ (N = 1) [Tz 527 | Siep) Snn®? {1 = g0.0-1(E2)}.
6. Forpe {0,...,n—1},
a. Let Rz(,l) and Rz(>2) be zero arrays of length N,,.
b. For j € [Ny, set RSV (A7) = RSV (AD) + Spi1.n(h) -
c. Forj € [Nypp1], set RS (A7) < RY(AL) + Spi1,n(5)%
n Ny 1), 2)/-. ivY.
d. 1p = Lsetmi, (¢) (N = 1) (TTzo oty ) Siepy) { RS 6)2 = REG) {1 = 901 ()}
otherwise set my),, (¢) <= (No — 1) (HZ:O %) Y ieiN] {Rgl)(iﬂ - Ré2)(i)}.
7. Forp € {0,...,n}, set vZJXn(go) +— m;\fn(go) —m¥ (p). Set v () + ZZ:O c;lvzjxn(go).

N =

LEMMA 7. Forany ¢ € L(X)and p € {0,...,n}, m}, () = pll (p%%) /4 (1)%
Proof. We define, for any p € {0,...,n — 1},

f(-) — Zje[N,,]:Egzi GPKCZJ;) i € [No).
* Zje[Np] Gp(gljl)




We also define ¢}, ,,(¢) = ¢(C},)/Ny for i € [Ny], and forp € {0,...,n — 1}, 55

ia@) = > Wi, €[N

JE[Npy1]: Ap=i

In Algorithm 3, S, ,, (i) = 7, ,, (¢p) for each i € [Np] and each p € {0,...,n} upon completion of step

2. Upon completion of step 3, go, (i) = G , for each i € [No] and p € {0,...,n — 1}. Finally, upon
completion of step 6(c), R:E)l)(i) = ZjeO; 1/)p+1 ,, and R,(f)( ) = ZJEol (¢;,+1,n)2 for each i € [IV]
and p € {0,...,n — 1}. We now verify that m,)’,, (o) = ucp( YRG! )2 foreach p € {0,...,n}.

When p = n, we have 60

N 2 1 5
e ) = Y CUAGHNRE )
(Ve = DT w5 J AN ()2 e

= Z M‘P(Ckiy Z Gn—1(CfL—1)H(EfL—1 7£ Erlii)
N2 " ;

k1:26[N0:n]2 " iE[Nn—l] Zje[Nn—l] anl( ;7171)
]. ~E? i
= Z 2 (1 - Go,?iq) o(¢)?
i€[N,] "

and we conclude by noting that ¢, . (¢) = ¢(C},)/Ny. When p = 0, we have

N 2 1 2
tey (7 ) = Y CAGR (GG
{(No Dl w5 } T (12 ki2ez(en)

I(ks = ko) | 17 k; kny (ke
- Z % ql;[l]l(k; 7 kg’k; 1= Aq kg1 = Aqfl) (Cn™)p(Cn™)

kIXQE[N[):n]Q
2
= > > W@l = > 3> @ =D ¢’
i€[No] j#j' €0} i€[No] | j€O} jeO}

Finally when p € {1,...,n — 1}, we have

pey (9%%) on KL g2
n N = > CAGE )G )¢
{(Np -1) Hq:O N, -} } %11\7(1)2 k1:2€Z(ep)

(k —k2 n k;2
> TNz [T 1k # 5, ql_Aql,kql_ A,00)

k1:2¢[N]2 n q=p+1

T Gypr (G )UE}_, # By
e(Cmenm) > L P17
1€[Np_1] Zje[Np,l] Gp—l(Czj)—ﬂ

S Y @) (1—6‘5%,_1)

ie[No] {j#i'€0;

2

) (1 - Go,p 1) DR AT (2 I S AN () I O
1€[Np)

J€O], Jj€Oo;],



S3. L, ERROR BOUNDS

As in Remark 3, we define

Q:D(mp*h dxp) = prl(xpfl)Mp(xp*h dfl'p), pE {17 ce n}7

s and Qppn = Id, Qprn = Qpt1---Qn forp € {0,...,n — 1}. The following Lemma will be put to mul-
tiple uses in our analysis.

LEMMA 8. Forany ¢ € L(X)andr > 1,

rY /7 Py /7
sup N1/2E{|'yflv(<p)—fyn(go)’ } < 00, sup Nl/QE{’nn —nn(go)’ } < 00.
N>1 N>1
Proof. Consider the decomposition:
1 i
771 ( Z’Yp Qp,n r)/[])v—lQp—l n Zyp N7 Z Ap7n7
p 1€[Np]

with the convention v, Q_1.,(¢) = MoQo . (¢) in the first equality, and

Ad = Qon(9)(¢) — MoQo,n(9),

N
o Mpm1@p—1,n(0)
A, =Qun(0)() — TH—FA—— 1<p<n.
y2 p ( )( p) n;évfl(Gp—l)

70 Note that (Aém)ie[ N,] are independent, identically distributed and zero-mean random variables, and
for each p > 1, given o(Co:p—1), the (AL, )icn,) are conditionally independent, identically dis-
tributed and zero-mean random variables. Moreover, there exists a finite constant say C,, such that
SUp > MaX1 <p<pn MAX;e[N,] ’A;)n’ < Cp and supys; maxi<p<n 7} (1) < Cr. Applying these ob-
servations together with the Minkowski and Burkholder—Davis—Gundy inequalities, there exists a finite

7 constant 3, ,. such that

ry 1/7
1/r 1 .
su N1/2E{ N(p) - ’“} < sup N2S"EL WV (1) — A
sup Y () = ()] sup ZJ » W5y e%;] o
1/2]" 1/r
< B, rsule/QZ Z (A;) )2 < 00.
= N iEN, ]

Applying Minkowski’s inequality to the decomposition

Y () {%(1)75(1)}+7§<<p)%(s0)

nl () = () =

¥ (1) Yn(1) (1)
gives
1/2 R4S
sup N E{[nY(¢) = m(e)]"}
sup,, |¢(z)| 1/2 N N ”» N 1
< —x T2 N“F 1) — v, (1 N2Rg A — ’
ST = (PO =} + 5 sup (I @) = (o)}

and the result follows since both terms on the right-hand side are finite from the previous bound. d



S4. PROOFS OF LEMMAS 1-3 AND PROPOSITION 1

S4-1.  Conditional particle filters and proof of Lemma 1
We define Mg (dzo) = [ ;¢ ] Mo(dzp), and

G (577 )My (257

p 1

MN (2 150, 1,dz,) = I I
p D sy Wp 9 54
i€[Np] Z]E[Np 1]GP 1 2

The probability measure associated with the particle system in Algorithm 1 is specified by
PY(a,dz) = MY (dz) H M;V(zp,l; ap—1,dzp).
p=1
We also define G (z,) = Nip Dicin, Go(2p) forp € {0,..., n}. Let
lev(ka a, dZ) = PN(a7 dZ)Cl (CL, 23 k)a

which specifies the probability measure associated with the random variables (K, A, () obtained by
simulating the particle system using Algorithm 1 and selecting K 'as described in Section 3-1.
We now introduce the conditional particle filter construction of Andrieu et al. (2010). Let —k,, denote

—k —
the set [N, \ {k,}. We define z, " = (z1,..., 2871 2k+1 2Ny 2k = (2f°, ... 2Fn) and 27F =
(2o ko, ...,z k), only for the purpose of analysis. We define a variant of Mév in which one ancestor

index and particle is excluded

- - Gp_1(z "7 M. o 1,dz
MY, (zp-riay dz ) = p1 (50 )M (50 d5)
e\ k) 2ielNy 1) Gr1(2p-1)

)

with ]\Zfé\fko (dzg*o) = [Ticivop groy My(dzy). With a fixed reference path z* in position k, we define the
conditional particle filter to be a Markov kernel defined by

n
k

P (k, 2% a,d=7F) = MY, (a25) TT {VY, (2130, a2, ) (kyr = a7, ) |
p=1

This specifies a particular distribution for the particle system excluding z*, and the ancestor indices con-
ditional upon k and z*. We also define the Feynman—Kac measure on the path space

:/Mo(dxo H p—1 SUP 1 p(:vp_l,dxp), A€X®n+1.
A
p=1

Finally,

I(k € [Now)) 7, (dz")

| [Nown]| Yn(1)
specifies the probability measure associated with an alternative distribution for (K, A, ¢), where K is
first sampled uniformly from [N.,,], then K~ 7,,()/7n(1) and finally (A, CEY ~ PN(KY K.
We denote by E; expectations with respect to the law of this alternative process.

Q{V(k,a,dz) = ]51N(k, zk; dz_k, a).

Proof of Lemma 1. The second equality in the statement of the lemma follows from the first since

BN @)} =B N g X e =B 0ec)) =)
™ i€[Ny)
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To establish the first equality in the statement of the lemma, it suffices to show that
n—1
{ I1ey (%)} Q1 (ka,dz) = 1w (1)QY (k,a,dz), (S4)
p=0

100 since it then follows that E {%]lv(l)ap(d{;’)} =E {Vn(l)ap(@{{;’)} = 7, (). We observe that for any
ke [N,

ak; ak;
MN(Z 1;0p—1,dz )_ Gp_l(zpill)Mp(zpill’Zg)
P p—L1»¥p—L r) —

Zje[N,,_l] prl(zzj;ﬂ)

M;f\,[k(zp—l;a;fpdzgk)-

Hence,

{ﬁ Gév(zp)} QY (k,a,dz) {H GN (zp }PN(a, dz)Ci(a, z; k)

p=0
1 n—1 k
=% {HG}]?V(ZP)}M (dzo) HM (zp—1;ap—1,dzp)l (kp L :%il)
n =0 e
n—1 "
1 B - B i .
— N {H Gév(zp)} {Mé\fko(dzo kr)) H Mé\fk, (Zp—1§ap_1,dzp kr))}] (kp—l _ Clp_l)}
n =0 o
Gy (577 ) My (275 dzy)
My(dzFo p—1\%p p\Zp
o(dzg )]];[1 Np—1Gp_1(2p
1 _ no
_ TR {Mévko(dzo kO)HMp,k (zp—1;ap—1,dz; )1 (kp L=a 1)}
n sl
2 kp—1 kp—1
Mo(dzg0) [T Gp1(ah23 ) My (225" d2b)
p=1
1 D .
~ No. ]|P1N k, 2% a,dz7F)y (d2F) (DQY (k,a,dz) -

S4-2.  Doubly conditional particle filters and proof of Lemma 2
The structure of the proof of Lemma 2 is very similar to the structure of the proof of Lemma 1. Let

QY (k'?,a,dz) = PN(a,dz)C(a, z;k"?),

s which specifies the probability measure associated with the random variables (K2, A, () obtained by
simulating the particle system using Algorithm 1 and selecting (K, K?2) as described in Section 3-1. We

_pl2 i
define Mé\[kl Q(dZO 0 ) = HiE[No]\{ké:Q} M()(dZO),

)

y i G122 )My (77 d24)
M klg(Zp 1,0 p— 1 ’dzp ): H p Np Gp p ;
ieNkL2y  2agelN, 1) Gr-1(%p-1)



and the Markov kernel associated with a doubly conditional particle filter as
=N/11:2 kb2 pl:2 — N n kl 2 _pl2
Py (k2 2% sa,dz” ):Mo,k” dzO H pk.lz (zp-130,_7 ,dzp 7 )

= K} k2
JTaky -y =a,7y) {11 (k§ # ki k2 = app_l) +1(k2 = k;)} :

A doubly conditional particle filter was also used in Andrieu et al. (2018), but for a different purpose. We
also define the path space counterpart for each 4, b € By, by

= /AMSdeéQ) Hépfl(le)gl)Mg ( p 1’dx1 2) A c X®2n+27
p=1
Finally, we define
1:2
")

(k"2 € [No]?) i) (92
NoalP iy (1)

_ . 1:2 12
PQN(kl‘Q,zk ca,dz7F )

Q3 (K2, a,dz) =

)

where x : [No.n])? — B,, maps (k!,k?) to the unique b € B, such that (k',k2) € Z(b). QL speci-
fies the probability measure associated with an alternative distribution for (K12, A, (), where K2 is
first sampled uniformly from [No.,]2, then (K ~ Ly ey () Bx(acr2) (1) and finally (A, Ky~

PN (K2 ¢ K'* : ). We denote by E5 expectations with respect to the law of this alternative process.

Proof of Lemma 2. The proof of (6)=-(7) is relatively straightforward so we present that first:

E{N 0Py =B |02 o 3 elch)

™ €[Ny

=E| Y T{(K" K?) e Z(b)}~) (e (Cn")]
beB,
= 3 B[I{(KY K?) e 10)} %) (120G e (6]
beB,

I
——
—
N
Zl-
N——
'ﬁ@
7N
—

\
Zl-
N—

—_
&
——
5
s
[9
N4

beB, \p=0

where the final equality is due to (6). To complete the proof of the Lemma it remains to establish (6). For
this it suffices to show that

n—1 2
{H G;V(zp)} O (82, 0,02) = gy (DY (172, a, d2),
=0

110

115
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since it then follows that for any b € B,,,

[11{ (K', K?) € Z(b)} (1) (Qﬂ(f)}

) > m(9)

k', k2€Z(b)

|[No:n]|
( ) (1—&)1_%@),

E[]I{(KI,KQ)GI )} ()26 (Cn @m)}

Es
(o
11

120 where the last equality follows from the fact that |Z(b)| = HZ:O N, (N, — 1)t
We first note that by application of (S4),

n—1 2 2
{H Gév(zp)} QY (k'2,a,dz) {H GN (zp } QY (k' a,dz)Cy(a, 2, k' k?)
p=0

= {H G (2 } QYN (k'2,a,d2)Cy(a, z, k*; k2).

We then observe that for any k!, k? € [No.,] and 28" € X"+1 we have

PNk, 2 a,dzm) H {]I (kfj # kL k2, = a’;zl) +I(k2 = k;,)}
n B _kl

{ 0,k1 dZo HM kL (2p—1; Gy 1,dz )}

Tk =d { (k:Q;ék —a,ljp_1>+]l(k§:k;)}

p=1

- N Eli2 noo N gl _pl2
J— —Ro P ‘P
= Mo,kgﬂ(dzo )II p,k11,2(2p 150,17 ,dzp )
p=1

k2 k?2 2
& Gp-1(z,"1 )Mp(2,74 7d2p )
: I (k) # ky) ——F - I(kp =k
H ( p 7é P) prlefl(prl) + ( P P)

p=0

- k) k2
Tk =a,y) { <k2 #kp ki, = ap”1> +1(k; = k;)}
p=1

k2 k2 k2
_ : o Gp1(2," 7" )M, (2,77, dzp?)
= PN (kY2 2% 0, de B ) T {1 (k2 # K1) e s L) g gyt
2 ( ) ( P # p) Np71Gp71(zp71) ( P p)

p=0



It follows that

{nl_[ G;V(zp)} fyn(l)Q{V(klzz, a,dz)Cs(a, z, k' kz)

p=0

1

n—1
1 1, = 1
= {H GY (z,,)} v, (d2F)PY (kY 2 a0, dz 7 ) Cola, 2, K )

n—1
1 D . 1:2 _ 12
- [Nowal| {H szav(zp)}Pév(/fu,Zk ca,dz7F )

n K2_ k2_
prl(’z 1)Mp( p 1 ’

p—1
Np—1Gp—1(2p-1)

dzp )

+I(k2=k))
k2

1T 2 132 k3 2 o Gp-1(2,77)
EH {]I (kp#kpakp—lappl) +]I(kp:kp) N p

p—1Gp—1 (prl)

p=1
2 n
1 Y kd2 A kzlj_z ~ k‘12 k‘12 — . 1:2 12
B (|[N ]|> { 00 (dag® ) [T Gp—r (a2 ) Mpe (2,2, day? )}PgV(klazk -, de )
O:n pe1
1 2 2 = 1:2 12 _ .
= <|[NO ]|> Hx(kl 2)(dzk )PQN(]{J12 Zk ;a,dz k ): ,LLX(/CM)(I)QQI(]{:LZ,a,dz). |:|

S4:3.  Proofs of Lemma 3 and Proposition 1

Proof of Lemma 3. To obtain the limit of Nvar {7 ()/7n( )}, first combine the equality 125
E{vY(¢)} = vn () from Lemma 1 and the expression for E{’yn ()%} in Lemma 2 to give

o~ N = 2)
Nvar {7 (0)} = —7a(0)* > Nyl + D e, (#° Ncp1 (

q#p

) +O(NhH

0
“. N 1 _
=3 Ne {uep(w®2) 11 <1 - (Ncql) — o, (9%%) p + O(NT).

Then divide through by ~,,(1)? and take N — oc. It remains to verify (9). For the remainder of the proof,
denote vy = ¢ — 1, (). Observe

N T lpo) N (1)
M ($0) — ) (900){1 %(1)},

2}1/2

and so by Cauchy—Schwarz,

N1/2E{ nN

NY2g
'Yn(l)

27 1/2
N ”Vfbv(l)

1/4 4y 1/4
ey

— 0, as N — o0, (S5)

where the convergence to zero is a consequence of Lemma 8. Rearranging Minkowski’s inequality gives 130

1/2
for any random variables X, Y, E{(X - ¥)*} " > | (x%)"* - B (v?)

, so the convergence in



135

140

145

150

10
(S5) implies

1/2

N 2
{’)’: ((9417()))} ] — 0, as N — oo, (S6)

1/2

NY2E (i (00)?} 7 = N2

$0 imy 00 NE {02 (¢0)?} =limy 0o NE [{75’(%)/%(1)}2}. The proof is completed by noting
that B [ {32 (¢0)/ 7 (1)}"] = var {35 (¢0) /(1) }. O

Proof of Proposition 1. Part 1. holds by Lemma 1. The almost sure convergence in parts 2. and 3.
follows from Lemma 8 and the Borel-Cantelli Lemma. The convergence to the asymptotic variances in
parts 2. and 3. holds by Lemma 3.

S5. SUPPORTING RESULTS AND PROOF OF THEOREM 2

S5-1.  Definitions and supporting lemmas

We first introduce a regularity result on randomly weighted, random measures comprised of pairs of
independent and identically distributed particles.

LEMMA 9. Foreach N > 1, let (W%J )i.je[n] be a collection of possibly dependent non-negative ran-
dom variables. Assume this sequence of collections of random variables satisfies, for any probability
measure v on X and bounded ¢ € L(X%?),

071/2
sup NUVZE | SN2 Y 7 WHo((',¢) = v () < +o0,
N

1,j €[N]

where each (' ~ v independently. Then, with S = {(i,j,i',j') € [N]* : @',j" & {i,j}},

sup B N3 N whIwT S < oo,
N (3,4,4,5)€SC

Proof. Let ¢(z,2') = f(z) + f(z'), where v and f are taken such that v({z : f(z) =1}) = v({z:
f(x) = —1}) = 1/2. Since v®%(¢) = 0, we have

27 1/2

sup NYZE | SN2 5 Wiig(¢) < toc.

N i,jE[N]
We observe that

E{o(¢. ¢}
=B {fE A} + ELAEO AN} + B{HO A} + B L@@}
so that in particular if (¢, 5,4, j') € S® then E{¢(¢?,¢7)p(¢", ¢7')} > 1. That s,
.

SO whisch) s | 2B S W

N4
i,j€E[N] (4,4,1,5')€SC

1

E NE
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The result then follows from

1/2 1/2
1 AT I 1/2 1 i,i 1178 5
sxpEm > whw :sljpr ES{ i > whiw
(i, ,5')€SC (i,4,3',§")€SC
97 1/2
1 S
1/2 - 6 (o
§stj\1[pN E N2ZW o(¢*7) < +oo. O
i,j
We recall the definition of ys,,, forp € {0,,...,n} in Section S1, noting that it defines a Feynman—Kac
model on X®2, and define
Qb ( p 1,d.731 2) él) 1(1‘;—21)]\]1177?(‘1:;) 1,d$12) pZ 1.

Our analysis involves an induction argument on the number of time steps in the model defined by b and
(Mﬁ’”, Gp)pefo,....ny» Where we allow (M, Gp,)peqo,....n} to be arbitrary with Gy, .. ., G, a sequence of
R-valued, strictly positive, upper-bounded functions. We define

EN (io, jo) = 1(bo = 0,49 # jo) 7T I(bo = 1,40 = jo)No,

No
and for p > 1,

o . N
Fzﬁp(lpvjp) =1(bp = 0,1 # Jp)NiilefV&p,l(Ap 17Ai;p 1)
P
—1 ] -1
= 2 G 1( ! 1 )
+H(bp =1ip = jp)Np Z FbN:p, " 15 Jp— 1) o . (S7)
Pt 0 1 p— Z Np— 1G (Cp 1)

For each p we have

Hho,(0) =7 (7 Y S Fi, (i dn)o(Gro) = Y Wi e(Gr), (S8)
ip,dp€E[Np] P ipdp€[Np] P

where W,fp’jp = fyév(l)QFlep (ip, jp)-Let Fp = 0(Ao, ..., Ap—1,C0,.-.,Cp), p > Land Fy = o((o). We

show that if u{)\é:pil (¢) approximates ju,,, , (¢) at a N~1/2 rate for any ¢ € L(X®?) then y{)\é:p (¢) ap-

proximates jup,, (¢) ata N ~/? rate forany ¢ € £(X'®?). The first step is to show in the following Lemma

that a mean-square error bound for ,ubNO - (¢) implies that the random variables Wl 7, necessarily satisfy
a certain regularity condition.

LEMMA 10. If, for any (Mg, Gq)qeqo.,...p—1} and any ¢ € L(X®?),

1/2
sup V2B (il (0) = i, @) | <o,
N

then, with Sp—1 = {(i,5,1',j') € [Np—1]* = @', 5" & {i, j}}.

supEQ NS ST Wi Wi b < oo,

N .
(17]71 )GSS 1

Proof. Let M,_1(z,-) = v(-) for every x € X, where v is an arbitrary probability measure. Con-
sider the expression for u{)\g - (¢) in (S8), and note from (S7) that W” 1 1s measurable with respect
to 0 (Ao:p—2, o:p—2). This allows us to apply Lemma 9 to obtain the result O

155

160

165
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170 Lemmas 11 and 12 together provide important bounds used in the proof of Proposition 2 below. Their
proofs involve mainly tedious manipulations involving properties of multinomial random variables, and
can be found in Section S5-4. The analysis that follows makes use of the offspring indices defined by (S3).

LEMMA 11. With E {Aé\,’bp(z’pq,qu) | }',,,1} =0,

~ 1 tp—1,Jp—1 . .
M (0) = iiby, Q@)= D WA (), (89)

2
ip—1,Jp—1€[Np—1] p=1

Aotiv-rodo-t) = | =T, =1y S T ARG | - Q@G ),

(1,,,],,)6017 1><O]P B

175 and

) Np— 1G o
A i) = { Groalgir B G 5 e L g,

N i
i,€0, P

p

LEMMA 12. Let ¢ € L(X®?) be non-negative, and Sp—1 = {(i,j,7',j') € [Np—1]* : ', & {i,j}}.
Then,

L. forany (ip—1,jp—1,0, 1, 4p_1) € Sp—1 NL(bp_1)?,

N s . N s .
E{AY, (1,55 1) ANy, (1 dp1) | Fpr } <0;
2. there exists C' < oo such that
N . . N . .
E {Ap,bp (prlajpfl)Ap,bp (2;717]1/)71) ‘ ]:pfl} S Ca
180 forany (ip—1,jp—1,1_1,Jp—1) € Sg_l NZ(bp—1)%

S5-2.  Proof of the theorem
The following proposition constitutes the inductive step in the proof of Theorem 2.

p—1}y and ¢ € L(X®?),

.....

PROPOSITION 2. If, for any (Mg, G4)qeqo

1/2
sup NY2E [{ué\g:pl(@ - Nbo:pﬁ(@} } < 0o.
N

Then, for any (Mg, Gq)qeqo,..py and ¢ € L(XF?),

911/2
sup N'/2E {{uéﬁ;p(aﬁ) — b,y (¢>)} ] < o0.
N

185 Proof. We decompose ¢ into its positive and negative parts. That is ¢ = ¢, — ¢_, where ¢, (z12) =
max{0, ¢(z*?)} and ¢_ (x''?) = | min{0, ¢(x'*2)}|. We can therefore write

) q%((b) =, Q)] ) :
- E ( i (04) = g, AQp (6)} + iy, {Qpr (@)} = mﬁ;pw-)f)m

< E < i (64) N}])\g:,}_l{Qf}P@Jr)}r) v +FE ({uf,\g:p_l{Qf,P(éf’—)} - #é\g;p(éf’—)r) v :
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by application of Minkowski’s inequality. We bound the first term. It follows from Lemmas 11 and 12 that

2
~ 2
B ([, o0 -, @] ) =B ] X WAk, )
i,jE[Np—1] = PTL
1 i, i’ .o 0.
=E Z 2 WpflwpéjlAng(Z,J)Ang(Z/JI)
44, § €[Np_1] = P71
1 i, i’ 5 .. o
- S WA B (A, G 0)AYN, (1) 7y )
6,4, ' €[Np_q] ~ P1
< CE Z Wl,] Wl g’ < c E WZ’] Wl g’
hS prl 1 =N, 371 1
(i,:8',5")€SE_4

(i,3,4",5")€SE_,

It then follows from Lemma 10 that
B o\ 1/2
sup N'/?E ([uéi:pwn — by, QU (61)}] ) < +oo,
and an identical argument shows that

) 1/2
sup N'2E ({Mﬁé:p(qﬁ) = g, {Qy (</))}r) < +o0,

SO

R 1/2
sup NV/2E ([uii;,)w) iy, AQY (¢>}}2) < +o0. (510)

Now, ¢ € L(X®?) implies QU (¢) € L(X®2) because G,_; is bounded, and since ubo:pfl{QZ”( )} =
Iy, (¢) we have by the hypothesis in the statement

. 1/2
sup N'/2E ({/«Lé\(f,:p_l{Qgp(ﬁb)} ~ H ()] ) < +o0. (S11)

Therefore, (S10), (S11) and Minkowski’s inequality together imply the result. O

Proof of Theorem 2. For part 1. of the theorem, let Cy, = [];_, (Np)bp {N,/ (N, — 1)}, which is
finite by the assumption that min, N, > 2. By applying Lemma 2,

Cy B () ()} = E [\ () T{(KY, K2) € Z(0)} (6™, 6] = Gy M n9):

The proof of part 2. of the theorem is by induction on n. In the case n = 0 we obtain,

N 1—bg N
N D W@ =g X N () e

i,j€[No Ny (i,4) €L (bo)

.

(4,9)€Z(bo)

#bo

1
1Z(bo)|

$(¢o”).
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Let bzt 22) = (zt, %) — pup, (0), and ||¢|| := sup, |o(z)]. We observe that
E [{,ubo - Hb0(¢)} ] = E {u})(¢)*}. In the case by = 1, we have

1 - s 1 - 1 -
B[ 0) =i (@)} = B 30 550G 0 = 1B {600 Xo)*} < 110l
i€[No]

1/2
sosupy NY/2E {{,ué\g(qb) - Mbo(qb)}ﬂ < +oo for any ¢ € L(X®?). In the case by = 0, we obtain

el -m@y]-£{ > 3 Ww o)

i#j€[No] i’ #j' €[N, 0
1 — N Ty i
=F > mﬂ%ﬂﬂ% 7)
(i.4,i,§)€SSNT (bo) ~ °
<o ||2 S8 N Z(bo)] ||¢H24NO(NO —1)(No —2) + 2No(No — 1)
B ( —1)? N§(No —1)2
- ( 0—1) - Ny

1/2
20 50 supy NY2E [{u{)\[’)(@ — by (qﬁ)}ﬂ < +oo for any ¢ € L(X®?). The result then follows by ap-
plying Proposition 2 multiple times. g

S5-3.  Properties of multinomial random variables
All the results in Lemmas 13—15 can be obtained, after fairly tedious but straightforward calculations,

using the moment generating function of a Multinomial(n, p1, ..., px) random variable X, Mx (t) =
ws (S piet)  and the fact that B (T}, X, ) = 5220 (0).
1 m
LEMMA 13. Let (X1, ..., Xk) be a Multinomial(n, p1, . . ., px) random variable. Then
1. foranyi € [k], E(X;) = np;;
2. fordistinct i, j € [k], E(X i) =n(n—1)p;p;;
I EA{Xi(X;

3. foranyi € [k], E{X; )} =n(n—1)p3.

210 LEMMA 14. Let (X1,..., X)) be a Multinomial(n, p1, ..., p) random variable. Then

1. fordistinct iy, i2,13,14 € [k],
4
E(X;, X, X1, Xi,) = 'th <n’(n—17°]]pi, = BE(Xi, X,) B (X5, Xi,)

2. fordistinct i, j € [K],
E{XA(X: — DX;(X; — D} = nln— 10— 2)(n - 3)p2p?
<n?(n—1)%pip; = B{Xi(X; - 1)}E{X;(X; - 1)}
LEMMA 15. Let (X1, ..., Xk) be a Multinomial(n, p1, . . ., px) random variable. Then

1. foranyi € [k], E (X?) = n(n — 1)p? + np;;
25 2. foranyi € [k],

E{X}(X; —1)*} =n(n—1)(n - 2)(n — 3)p; + 4n(n — 1)(n — 2)p} + 2n(n — 1)p};
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3. for distinct i1, 2,13 € [K],
E{X? Xi,Xiy } = n(n —1)(n = 2)(n = 3)p}, pi,pis + n(n — 1)(n — 2)p;, i, piy;
4. for distinct i1, 1o € [K],
E (X7 X7,) =n(n—1)(n—2)(n = 3)p;,pi, +n(n—1)(n — 2)(p}, pi, +pi,pi,) + nln — pi,pis.

LEMMA 16. Let (X1,..., X}) be a Multinomial(n, py, ..., px) random variable where p; = S™1g;,
k/n < candn > 4. Then there exists a constant C < oo such that, with § := max;e(1,....k} i

1. foranyi € [k], E (S?X?/n?) < g7 + Cg*; 220
2. foranyi € [k], E{S*X2(X; — 1)?/n*} < g} + Cg*;

3. fordistinct iy, iz, i3 € [k], B [S*X2 Xi, X5,/ {n*(n — 1)?}] < 92 9i,9i, + CG*

4. fordistinct iy, iy € [k], E [S*X? X7/ {n*(n —1)*}] < ¢? g2 + Cg".

Proof. We use the properties from Lemma 15. For part 1.,

52 52 S ko
E (zXf) == {nn—1)p! +npi} < g7+ =g < g} + ~7°.
n n n n

For part 2., 205
54
B —— - X2(X; — 1)?
{07
S4 4 3 2
= PEITEE {n(n —1)(n—=2)(n—3)p; +4n(n—1)(n —2)p; 4+ 2n(n — 1)p; }
4 —2) . 252 4k k2
cgta DD e, 25 o g B gt e gt
n(n —1) n(n —1) n n(n —1) n—1
For part 3.,

54 9 S4 9
E {ng(n_l)QXilX’iinS} = R2mo1e {n(n —1)(n = 2)(n = 3)p}, pi,pis + n(n — 1)(n — 2)pi, pi iy }

S(n—2) _
< 67 Giy Gi + 1 Y Gia i < 62 9irgis + cg*.

n:1)

For part 4.,

514
E{—— X2 X
R
S4

= n2(n — 1)2 {’I’L(’I’L - 1)(” - 2)(” - 3)p$1p32 + n(n - 1)(” - 2)(p$1p12 +p21pz22) + n(n - 1)p’b1p12}
S(n—2) 52 n

e 4202 o ooy ST 2 a2

= g’ng'LQ + n(ﬂ _ 1) (911912 +911912) + n(n _ 1)911912 — 911912 + Cg + c n — 19

The result follows by taking C' = 4c + % - 2¢% since 5 < 3. ]

—1 =

Qs

COROLLARY 1. Assume sup,cx Gp—1(x) < oo and (i,j,4,j") € 5271 NZ(by—1)> Then there exists
C < oo such that for any N, N,_1 € Nand (,_; € XNr-1, 230

(S0 Gy}

N (Np — 1)?

1051 {10311 =16 = ) 101 {107 | - 16' = ) } | Fypa | < €
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and

Np_1 2
{ k=1 prl(C,’.Ll)} i i <
N2 |Op—1||0p—1| | ‘FP—l — C.

p

Gp—l(ng)Gp—l(Cg;l)E

Proof Let k=N,_1, n=N, S=Y12"7"G,1(¢)_,) and (Xi,...,X;) be a
Multinomial(n, p1, . .., ps) random variable where pi=S"1Gp_1(¢}_,) and n > 4. For the first
expression, consider the case ¢ = j. Then the expression can be written as

P

235 and we conclude by combining part 2. of Lemma 16 with sup,cx Gp—1(x) < co. Now consider the case
i # j. Then the expression can be written as either

S4 2y 2 S4 2
A e B S

and we conclude by combining parts 3. and 4. of Lemma 16 with sup,cx Gp—1(x) < co. The second

expression can be bounded by {sup,cx Gp—1(z)}> E (S2X?/n?) and we conclude by combining the
part 1. of Lemma 16 with sup,cx Gp—1(z) < 0. O

240 S5-4.  Expressions and bounds for A;’X b,

Proof of Lemma 11. We obtain expressions for Azjx », for each of the cases b, € {0, 1}, making use of
(S7). In the case b, = 0, we have

1 o
ui\;:p(¢):7[]y(1)2 Z ﬁFfpr(imﬂ'p)éf’(Cﬁp’“’)

ip,Jp€INp] P

FY (i1 dp I Gya (G .
= %1)\1_1(1)2 Z N2 N, (N, — 1) - Z P(Cr7P)
tp—1,0p—1€[Np—1] priPE (vajp)eO K 11 XOP 1 71:0?5]?
2
_ 1 ip—1,Jp—1 {ZJ ﬂll G (Cp 1)} ; i ip,J
a Z @Wpil NP(N;D - 1) Z (Zp 7 ]p)(b(gp ),

= i
ip—1,dp—1€[Np1] (ipdp) €O, x O

from which the expression for A, (i,1, j,—1) follows. We have

i 2
(S GG}
i Ny(N, — 1) Z - (i # jp)d (G 77) | Fpa
L (zp,gp)eop xOP
({5 Gy}
=F NP(NP_S 00 {10031 = Ty 1 = ) | N ()G ) | Fpa

= Gpa (G NI () (G ),

where the last line follows from Lemma 13. Hence E { Al (ip—1,jp—1) | Fp-1} = 0.
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In the case b, = 1, we have 245

Ky, (0) = 75 (1)° Z %Fzﬁp(iwjp)q{)(cép»jp)

ipsjp€[Np] P

1 o
=5 (1 D0 waF, (i i) e(Gr™)

ip€[Np] P
FbN. _ (ipflvjpfl)prl( jp—_ll) Z 71 G (C 1) i
=l Y e . N L o)
ip—1:0p—1€[Np—1] p-1 P ipeO;pjl

1 ip—1 1 ip—1 ey 1G i
= > N W,y Gy (;P_l)Z N 160 > e,
p

ip—1,Jp—1€[Np-1] ipe0r !

from which the expression for Aﬁ 1(ip—1, jp—1) follows. We have

oy gt Gy (G )

EQGp1(G) N Z (Z)(C;plp) | Fp—1
p i
ip€0, Pt
1 —1 21&)71 G I(CJ ) X2 1 1 1
=Gp1<if1>E{ O M () (G ) | Fpa
P

= Gy (G2 DM (9)(G ),
where the last line follows from Lemma 13. Hence £ {Ag{l (ip—1,Jp—1) | Fp—1} = 0. O

Proof of Lemma 12. For the first part, consider first the case b, =0. Then, since
(Gp—1,Jp—1,%p—1,Jp—1) € Sp—1 NZ(bp-1)?,

E {Ago(ip—lvjp—l)Ago(i;—pj;,)—l) | ]:p—l}

4
20 Gpa(Q)) . .
= E { Ng(Np _11)2 } Z QS(C;;J) Z ¢(C;7 7 ) | ]:p*l

. ip—1 Jp—1 . il g
(0.)€0,21 X021 i7 (i".3) €0, x 0, Pt v

—Ql (@) ()b () (¢

(Tl 6

=K
Nz%(Np - 1)

4
)} 0y {0 =1y = Gy 1) }IOP 1 {1007 = 10y = o) } | Fon

M ()(Gr M, (¢)(C” QY (@G Qb (@ )(CP v

4
{Z;V:pfl prl(Cj)} i i j
ol KA iy {0 —1y1 = ) } 10, 1 {10051 =100,y = Gp-0) | P

_épfl( ;D117Jp 1) (Cp 1Jp 1) MSP(¢)( pp lljp 1) (¢)(CP 1],, 1)
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where the final inequality follows from properties in Lemma 14. Now, in the case b, = 1, and again
because (ip—1, jp—1,%p_1,Jp—1) € Sp-1 NZ(bp—1)%

250

2 {Agl(ipflvjpfl)Agl(iéfl,jz/:fl) | }-pfl}
- 1 ,
(T G}

= E |Gy (¢r)Gpa(G7) 7 dToeG D (G| Fea
P leo;p,zl ,L'/Eoglfll

— Qb (9) (Cr ) Qb (9) (Cry )
(S0 G (@)}

Ny

=E 0 1027 | Fypt | Gyt ()Gt (€77

P () (v )M (9) () — Qe (@) ) Qe (@) (G )

(S G}
N

0107 | Fpr | = Gt (€7 Gpr (C )

Gy (GG (NI (B) (Gl ) B (8) (G )
<0,

where the final inequality follows from properties in Lemma 14. For the second part, let ||¢|| = sup,, ¢(z).
In the case b, = 0 we have

B{AN,, 1,501 AN, {10y ) | Fpr }

4
S Gyt () N »
<E { Ngl(Np—l)2} 3 $(¢i) 3 AT Fypn

.. ip_1 Jp—1 ., .
(1,5)€0,77 XOP7 " i] (i ] )EO m 1><O - L ik

Fp—1

4
Poniaych(s)) | o P
< 0I°B | = gy 1Oy {10 = W1 = 3y } 10} {100 = 1o = 5}

< Cllell%,

by applying Corollary 1 to obtain the last inequality. Similarly, in the case b, = 1 we have

E [ ANy, (ip-1,3p-1) A, (1, dp1) | Foei]

| M) S eaR AN )
<E |Gyl Jp-l)Gm(c”P-f)[ | DG Y HGT) [ Fp

p—1 P N2 :
' €0, eor
) 2
2 Jp—1 Jp—1 [Z -1 G (Cp 1)} ip—1
< H¢|| Gp—l( p—1 )G1>—1(Cp—1 )E N2 |O HO | |]:p 1
P

< Cll¢ll%,

255 by applying Corollary 1 to obtain the last inequality.
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S6. ESTIMATORS FOR UPDATED MEASURES

In some applications there is interest in approximating the updated measures:
X Hn(S)

$) = [ Gulom(da), n($) = 2,
S ’Vn(l)

In the hidden Markov model setting described in Section 2-2, e.g., 7, is the conditional distribution of X,

given ¥, . . ., Yn, that is 7, is a filtering distribution, while 7,, is a predictive distribution.
The updated particle approximations are defined by

SeX.

N N A (S)

WS = [Gulanian,  a¥e) =2 sex
and we now define their variance estimators. To facilitate this task, we consider a fixed ¢ € L£(X), and
define ¢(z) = G (z)p(zx). The following relationships can then be deduced: 4, (@) = Vn (D), 7in (@) =
M () /10 (Gn), A (9) = 7 (@) and 2 (0) = 0 (9) /1, (Gn). We define analogues of o and vy, ,, for
the updated particle approximations as

.2 A Up,n(cab)
6= (p) = hm Nvar {4, (¢)/4n , Upn P) = —F=—~5
2(¢) B @AMY, (o) = B
and the proposition below is a counterpart to Proposition 1 and Lemma 3.
PROPOSITION 3. Forany ¢ € L(X),
L 4% () = An() almost surely and 52 (i7) = Z ()
. . . 2 . .
2. 7Y () = () almost surely and NE [{m, —in(@)}] = 62{p — ()}

The proofs of Proposition 3, and Theorems 4-5 below can be found in the supplement. Proposition 3
implies the relationship 62 () = 2(3)/1,(Gr)?. The corresponding estimates of the variance, asymp-
totic variance and the terms therein are now obtained and analogues of Theorems 1 and 3 follow straight-

forwardly. Below we write the estimators va ) ]Igvn etc. in terms of V.V, 52 and vp » to emphasize that

the same algorithms can be used to compute them, just as 2 (¢) and %Y (¢) can be computed as 7Y ()
and 1YY (@) /n (Gy), respectively.

THEOREM 4. For any ¢ € L(X), with
Vi (9) = VN (@) /nn (Gn)?, (S12)
1. B {&ij(l)QVnN(@)} = var {92 (¢)} forall N > 1;

2. N‘:/nN (p) — 62 () in probability;
3. NV, o =i ()} — o7{e — ()} in probability.

Remark 1. It follows from (3), (14), (S12) and simple manipulations that
(Hz 0 N, —1) 1€[No] EjE[Nn] Gn(cn)

the right hand side of which is, in the case where [V is not time-varying, precisely the estimator in Equation
2.9 of Chan & Lai (2013).

2

THEOREM 5. For any ¢ € L(X), with

(@) = vpu @)/ (Gn)®, BN (0) =D et oh (o),

260

265

270

275

280
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E {3 (1)%0),(0)} = 4n(1)? () for all N 2 1;
o), () —>vp, ( ) and o, (¢ — 1N (9)) = Dp.n(© — 1)), both in probability;

L.

2. P,

3. { N ©)} =4 (1)262 () for all N > 1 and 5} (o) — 62(y) in probability.
(

LEMMA 17. Forany ¢ € L(X)andr > 1,

/T R ~ LT
W) =@} <o, s NV2E{|aN (@) — (@)} < .
N>1

sup N'/2E {
N>1

Proof. Let ¢(z) = Gp(z)p(x). Since 4, (@) = vn(P), Lemma 8 provides the first bound. The sec-
ond bound follows from the first bound and Minkowski’s inequality by an essentially identical line of
arguments as in the proof of Lemma 8. U

Proof of Proposition 3. The almost sure convergence in both parts follows from Lemma 17 and the
Borel-Cantelli Lemma. To obtain the expression for 62 (), we have

Jim Nvar (3 (9)} = Jim Nvar {3(@)) = (12 Y 22 = 5,02y Benl?)

=0
and the result is obtained by dividing by 4,,(1)2. The expression for limy_,o, NE [{f)g (¢) — 7in(p) }2]
follows by combining this with an essentially identical line of arguments as in the proof of Lemma 3. [J

Proof of Theorem 4. The results follow from Theorems 1 and 3. For the first part,
E{3N PN ()} = B 02V (@)} = var {35 (@)} = var {3 ()}

For the remainder of the proof, — denotes convergence in probability. For the second part, since 5> (go) =
02(@)/nn(Gr)2, it follows that NVN(p) = NVN(@)/nN (Gn)? — 62 () since NVN(3) — 02(p)
and Y (G,,)? — 1,,(G,,)?. The third part holds by the same reasoning as in the proof of Theorem 1 O

Proof of Theorem 5. For part 1.,
E {0 (D*00(0)} = B {7 (1?05 (9)} = 1(1)*0p.0(9) = 30 (1)*0p.n ().

For the remainder of the proof, — denotes convergence in probability. For part 2., we have

() = Vgl (2)/13 (Gn)? = p.n(p) and letting f = @ —7jn() we obtain o7, {p — ;' ()} —
Vpn(f )/nn( n)2 = O (f). Part 3. follows from parts 1. and 2. O
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Figure 9: Estimated asymptotic variances [NV Vn(go) (blue dots and error bars for the mean + one
standard deviation) against log, N for the stochastic volatility example. Corresponding results
for the estimator of Chan & Lai (2013) are overlaid with boxes instead of dots and wider tick
marks on the error bars.
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Figure 10: Plot of f)ﬁ]n(go) (blue dots and error bars for the mean + one standard deviation) at
each p € {0,...,n} in the stochastic volatility example, with N = 10°.
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Figure 11: Plots for the simple adaptive N particle filter estimates of 4,,(1) for the stochastic
volatility example. Figure (a) plots the base 2 logarithm of the empirical variance of 42 (1) /4, (1)
against log, d, with the straight line y = x. Figure (b) plots log, IV against log, §, where N is
the average number of particles used by the final particle filter.
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Figure 12: Estimated asymptotic variances NV,)V () (blue dots and error bars for the mean =+
one standard deviation) against log, N for the sequential Monte Carlo sampler example. Corre-
sponding results for the estimator of Chan & Lai (2013) are overlaid with boxes instead of dots
and wider tick marks on the error bars.
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Figure 13: Plots for the simple adaptive N particle filter estimates of 7, (Id) for the sequential
Monte Carlo sampler example. Figure (a) plots the base 2 logarithm of the squared Lo error of
nN(Id) against log, &, with the straight line y = z. Figure (b) plots log, N against log, §, where
N is the average number of particles used by the final particle filter.



