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In this Supplement, we describe a few supplemental Lemmas used in our proofs to results in the main
paper in Appendix A. We then give proofs to results in the main paper in Appendix B and proofs to the
supplemental Lemmas in Appendix C. We provide details of the construction of the dissimilarity measure
d(.,.) used in this paper and the automatic choice of h in Appendix D.

Without loss of generality, we always assume that V; < V5 < ... <V, in this Supplement. We use IE].]
to represent the expectation of a given variable and we refer to conformal prediction as CP and localized
conformal prediction as LCP for convenience.

A. A COLLECTION OF SUPPLEMENTAL LEMMAS

Lemma A.1 describes the elementary relationship used in the proof from previous work on weighted
conformal prediction (Barber et al., 2019), and we state it here for the reader’s convenience. Lemma A.2
states the monotone dependence of Q(&; Fi (v)) on & or v. Lemma A.3 is a core Lemma on the marginal
coverage guarantee for LCP with strategically chosen &. Lemma A.4 collects basic bounds used in the
proofs of Theorem 3.

Lemma A.1. For any « and sequence {V1,...,V,,11}, we have

n+1 < Q Zw75V + wn+15\/l+1) ad ‘/71+1 < Q Zw16V + wn—i-l(; )

=1

where Z?Il w; 6y, + Wpy1dy, ., and Z?:l w;0y;, + Wnt1000 are some weighted empirical distributions
with weights w; > 0 and 327" w; = 1.
Lemma A.2. Suppose {V;,i =1,...,n}, the target level v, and empirical weights pg are given. Then,
(i) Given V41, Q (a ]-'l( n+1)) fori=1,...,n+1 and Q (d;]—') are non-decreasing, right-

continuous and piece-wise constant on ¢, and with value changing only at the cumulative probabilities at
different V.

(ii) Given &, Q (d; ]:'Z(v)) is non-decreasing on v fori = 1,...,n + 1.

(iii) If V;,41 = v is accepted in the Cy (X,,41) in Lemma 1, then v’ is accepted for any v' < v.

Lemma A.3. Let V; = V(Z;; Z) be the score for sample ¢, and Z; is i.i.d generated fori = 1,...,n +
1. For any event

T={{Z,i=1,....n+ 1} ={z; = (x5,9:),i=1,...,n+ 1}},

we have

n+1
P{Vo1 < Q& an+1 0v;)

i=1

n+1
Z llv1<v |T‘|
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where v; = V(255 (21, -+ - Zny Zn1))s VF = Q(&; Z;’J”llp”éq,J) fori=1,2,...,n+1, and & can be
random but is independent of the data conditional on 7. The expectation on the right side is taken over
the randomness of & conditional on 7.

Lemma A.4. Suppose that Assumption 1 holds and V' (.) is a fixed function. For any z, define B(zo) =
E"+1 H(zo0, X:), A(zo, X) = H(xo, X) max, |Py|x(v) — Pyg, (v)| and A(zo) = >, A(xo, X;). Then,

(i) There exists a constant C' > 0 such that, for all 2y € [0, 1]P, we have

nh’ﬁ nhﬁ A(LL'()) 1
P Bxo) < o= ¢ Sexp(——=*), ————— 5 < Chpyln(h,").
{ (zo) < 2eL} = exp(=5p) B(wo) V (nhn) )

. . P
(i) Set B; = B(X;), R; = Z”“(““VBI_ vix, () .Then, forall V; andi = 1,...,n + 1, we have

I 2
]P{|Ri|z,/ n”|x V} <=
n

B. PROOFS PROPOSITIONS, LEMMAS AND THEOREMS

In this section, we provide proofs omitted from the main paper. We first give arguments to Proposition
1 and Proposition 2 for the counterexamples. We then present proofs to Theorem 1, Theorem 2, Lemma
1, Lemma 2 that characterize the marginal behavior of LCP and our implementation. After that, we prove
Theorem 3 - 4 on the asymptotic and local behaviors of LCP-type procedures.

PROOFS OF THE COUNTER EXAMPLES
B.1. Proof of Proposition 1

Proof. When S H(X, 11, X)) < by definition, we have

—a a’
1

ile ZILlHnJrl’i<m_1—oz

+1,4 ™ 1 1 - &
i=1 S Zn+ Hn+1,i i—a

We thus have Q(«; F ) = o0, and consequently,
n+1 1
P(Q(o; F an+1z<a ZH i1, Xi) < g——) ¢

P(Yni1 € C(Xp41)) 2 ]P(Q(Oé;]:) =o00)>e¢
B.2.  Proof of Proposition 2
Proof. For X, 411 € {xej,j =1,...,p}, let ng is the number of samples with X; = 0 and n, is the
number of samples with X; = X,, 1. The achieved conditional coverage at & = « given X = Xy,(41)
can be upper bounded as below:

. 1 1
P {Vnﬂ < Q(a;]—')|2€} =PVt <Qa;———— Z Oy, + —————000) | X
ny =+ N =+ 1 i:XiE{O,Xn+1} n1 + no + 1
(@) 1 1
< Toxmtly, M0 . B.1)
ny+1 ny+1 ng+ni+1
Step (a) holds because:

— When a < o J:'yfo 11> the a quantile of the weighted empirical distribution is 0, and we will have 0

coverage for X,, ;1 # 0 and (B.1) is true.




3

— When o > — ﬁ;’o 71> the a quantile of the weighted empirical distribution in (B.1) is the

[(n1 + no + 1)a] — ng largest value in {V; : X; = X,, 11} U V., which is the %

quantile of the unweighted empirical distribution formed by {V;: X; = X411} U V. By
Lemma A.l, {Voi1 <Qt{Vi: X =Xni1}UVe)} & {Vor1 <Q#{Vi: X; = X1} U
V1) }. Hence, we have

[(n1+no+ )a] —

P {Vn+1 < Q(a;f')|){} =P {Vn+1 < Q( no;{Vi 1 Xi = Xns1} U Vn+1)}‘X}

ny+1
® [(m+nothal—no 1 notm+l no ),
ny+1 “ni+1 ny +1 no+mni+1
where step (b) uses the fact that V; ~ Unif[—1, 1] for all ¢ with X; = X, ;. Hence, (B.1) holds.

O

Next, we marginalize over X, but conditional on m = ny + n; (the total number of samples with X; €
{0, Xp,41}). From (B.1):

P {Vai1 < Qa; F)lm, Xoi1 | < E

m+1 n
<E[l+Ela 2 Ll

ni+1 ny+1

1 m+1—ng no
=E E -~ (1-
il + B [ ™S 1 o)
1 a no
=E 1—-—a)E - . B.2
g+ (= B [ - ). B2

Notice that conditional on m, X falls at 0 or X,,; following an independent Bernoulli law:

Q0
X = 0 W-p- Q(H(‘)th =
¢ Xpi1 wp. L =1—aq.

qo+q1
From direct calculations, we obtain that

1 N | m! nymeny
E| m] = > (1—a)"a

ny+1 = ny + 1 nil(m —ny)!
m+1
1 (m+1)! _ 1
(m—i—l)(l—a)znll(m—i—l—nl)!( a)ta S - ®Y
ny=
Also, we have
(0% o
E _
[[1 "o mi+t 1]+|m}
© a no<a(m+1) n m!
c 0 . —
= P < 1 — no(1 _ )Mo
11—« (no < a(m +1)lm) Zl mfnoJran!(mfno)!a (1-a)
no=
o no<a(m+1)—1 m!
= | P(no < a(m+1)jm) - > T i 0(1 — q)™ "0
n0=0
a
=T—a (P(np < a(m+1)m) —P(ng < a(m+1) — 1|m))
a (m
_ P _ 1 _ N (1 — q) ™" B.4
P = La(m + D) = 2 (T ) (- a) B.4)

Ny

We now use the Stirling’s approximation:

27rk‘(§)ke T <kl < v2ﬂk(§)keﬁ, forall k > 1.
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4

Plug the Stirling’s approximation into (B.4), there exist a constant C' > 0 such that when m > C, we
have:

E ||

« o o 1 m m. = m men
0 < Py =
11—« n1—|—1]+|m] - l—anp(IQm) 27r(n*)(m—n*)(an*) (( a)m—n*>

(c)
<

«

)

1 2 Ce?
<O+ 2)m < ==, (B.5)
m m vm
where we have used the fact that ma +1 < n* > am — 1 at step (c). Notice that m itself follows a
binomial distribution with 7 trials and successful rate (¢; + go). Apply the Chernoff bound, we have

P {m < ((]1-‘;(]0)71} < eXp(—M). (B.6)

8

For any constant p > 1, n(q; + go) — oo. Combine it with (B.2), (B.3), (B.5) and (B.6), there exist a
constant C' > 0, such that for all X,,;, € {£e;,j =1,...,p}, we have

P {V,LH < Q(a;ﬁ)|Xn+1}

7 (@ + q)n m > @t an _
SIP{{Vn+1SQ(af)anH}ﬂ{mZ 5 }}+1P{ > = |Xn+1}§(]m,

Marginalize over X, 1, we reach the desired result: there exists a sufficiently large constant C, such that

. C C
PiVis < Qs F)p <P{X, 0} ————=+P{Xp11 =0} < —————=+q — .
{Von SQ@P} <P (X 20) e A P (Xats =0} £ e b0 2

B.3.  Proof of Theorem 1
Proof. Define

T={{Z,i=1,....n+1} ={z; = (vs,y:),i=1,...,n+ 1}}.

Let o be a permutation of numbers 1,2, ..., n 4 1 that specifies how the values are assigned, e.g., Z; takes
value z,,. Since V'(.; Z) and H(., .; X') are fixed conditional on 7', we can set v;, = Q(&; 37, pH 0,
as the realized empirical quantile at & for Fi given a particular permutation ordering o. Hence, for any
given & € I, conditional 7 and the permutation ordering o, we have

n+1 n+1 n+1
i=1 i=1 i=1

In other words, the achieved value for the left side of (B.7) or Theorem 1 (4) remains the same for all o.
Since I is fixed conditional on 7, the smallest value in I" satisfying (4) is also fixed conditional on 7T, by
Lemma A.3, we obtain that

1P{Vn+1 < Q(éé?]:—nJrl)lT} =E

1 ol 1l
mi;lvigv; 7-1 = izzlﬂvigu; >
Marginalize over T, we have
P{Vp1 < Q(& Fpni1)} > a. (B.8)
By Lemma A.1, equivalently, we also have

P{V,41 < Q(&: F)} > a. (B.9)

m mo (1-«a
1—anp(12m)\/27r(ma—1)(m(1—04)_1)(m04_1) (m(l—a)—l

=



B.4. Proof of Theorem 2

T={{Z,i=1,...,n+1} ={z:

By (B.7) and the fact that I" is fixed conditional on T, we know that &1, & and g, ap are fixed conditional
a—Q2
, and it is independent of the data conditional on 7. Apply

Define
(i yi),i=1,...,n+1}}.

110

N a1 w.p. o=
on7.Asaresult, whena = § . R
Qo W.p. m

1 n+1
PESP I

o] —
= Q.
Q] — Q2

Lemma A.3, we have

’

P{Vy1 < Q(&; An+1)‘T} =E

o — (g
+

= (1 a9

Q] — Q2
115

Marginalizing over 7, we have
P{Viq1 < Q(&§ﬁn+1)} = Q.

By Lemma A.1, equivalently, we have
P{V,1 < Q& F)} = a.

B.5.  Proof of Lemma 1

Proof. As a direct application of Theorem 1 and Crorllary 1, we obtain that
P {Vn+1 S CV(Xn+1)} >a, P {Yn+1 S C(Xn+1)} > .
|

The fact that Cy (X,,11) is an interval comes directly from Lemma A.2 (iii).
B.6. Proof of Lemma 2 120

Proof.
— Proof of part 1: By definition, V,,41 = v € Cy (X,,41) iff (if and only if) the smallest value & € T’

that makes (6) hold is greater than ), _, pf,, ; € T. Thatis, v € Cy (Xp41) iff
(B.10)

n

1
n + 1 Z EWSQ(ZVZ<U p5+1)i;ﬁi(v)) <a.

i=1

(a) When v =V, for some 1 <k <n+1, Zw<7k pf+17i = 0 by definition. Hence v €

COv (Xpy1) iff
(B.11)

n

1
n4+1 Z ]IViSQ(ék;]:'i(Vk)) <.
=1

(b) When v € (Vyp), Vi) for some 1 <k<n+1, >, o=y v, pli= Or.

Hence v € Cy (X, 41) iff
(B.12)

1 n
n+1 Z HWSQ(ék;ﬁi(U)) <o
=1

A key observation is that the status of event {V; < Q(6; Fi(v))} does not change as we vary

v € [Vyx), V). That s, for all 1 < < n, we have
Jie(v) = {Vi < Q(Ok; Fi(v)} = {Vi < Q01: Fi (Vi) } = Ji-

This can be easily verified:
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o If V; < Vi, we have V; < V) < v, and

{Vi < QOk; Fi(v)} = {0k > 0:} = {Vi < Q0 Fs(Vor)))}

o If V; > Vi, then V; > v > V), and we have

(Vi < QO1; Fi(w)} = {0k > 0: + pi' 1} = {Vi < Q0k; Fi (Vi)
Hence, we obtain

1
n+1 Z Ly <@ (Visy)) < & (B.13)
i=1

Combine part (a) and part (b), and the fact that Vg(k) <V} and Q(ék; }A}(v)) is non-decreasing in
v (Lemma A.2), we immediately reach the desired result that

CY(Xnp1) = {v:v < QO F)},

where k™ is the largest value of £ such that (B.13) holds. o
Proof of part 2: As we increase k, both V() and Hk are non-decreasing, hence, Q(0x; 7 (V1))

is non-decreasing in k. Thus, J;, = {Vi < Q(0y; F, (W(k)))} is a monotone event in k: for all
k' >k, we have J; C J;;r. Consequently, suppose k; is when J;j, first holds, then 1, = 1 iff
k > k7. We can divide J;;, into two subsets:

Jik, = ({Vi > Vi } N{V; < Q(ék;ﬁi(f/@(k)))}) U ({V < Vi N4V < Q(0i; F, (Ve(k)))})

@ (1) 2 R} 048+ pl < B ) U ({£6) < €} 0 {01 < B}) B.14)

1 2
ik Ik

At step (a), we have used the fact that
Vi> v@(k) - E(Z) > g(k%

and that
— when V; > V), we have Zlgjg’ﬂ“rli‘/j<‘/i pg =0, —l—pffnﬂ when V11 = Vi) Hence,

Vi < Q0 Fi( Vi) € 0+ pihq < Or..

— when V; < Vg(k), we have 21§j§n+1:vj<w prI» =60; when V,,, 1 = Vg(k). Hence,

Vi < Q(0k; Fi( Vi) & 0; < O

We now consider when J;;, turns true for samples from categories Ay, Ao and As.
— For i € A, by the definition of A; and (B.14), we know that J;; is true at k = ¢ and k) <4,
and Jiy, = Jh = {0; + p | < O}
— Fori € Ay U As, since i ¢ Ay and kf > i, Jilk fails to hold for all k. Hence, J;; holds when
JZ. holds.

© When i € Ay: since 0; > 0;, in order for 0; < 05 to hold, by definition, we must
have >°, ) P =0k >0 = 2o i< pfl 1 ;» which automatically guarantees
that [(k) > I(i). As aresult, for i € Ay, we have J;, = J3 = ={0; < 01}

o When i € Ajz: in order to have I(k) > (i), we automatlcally 0, > 6; > 6; for samples

in As. Thus, for i € A3, we have J;, = JZ, = {1(i) < 1(k)}.



Combine them together, we have

"1
S(k) = Z n4+1 HViSQ(ék?ﬁi(Vé(k)))

Dol D L+ Ma)

3
+ | =
—
/\"F

i€A; i€Ay i€As
1
— ] (Z 1{0i+p{{n+1<ék} + Z ]lei<§k + Z ]1[(i)<l(k)> .
1€A; i€A2 i€A3
We have proved the second part of Lemma 2. (]

LOCAL COVERAGE PROPERTIES OF LCP
B.7.  Proof of Theorem 3

Proof. We first prove the convergence from é(v) to « in (11) and then show that the achieved coverage

levels converge to the nominal level for both & = « and & = &(v) as described in Lemma 1. Define

L = (V;)H;; Hiij(ly,<v,—P (Vi .
Iz' _ 2371,3;& ];/‘\XJ( VHij and Rz _ Z;L:1 it i VJ<VLB> V\XJ( ) for all i = 1’...,n+1'

1. Proof of (11): Fori = 1,...,n, define B; = Z?fll H;; and, for any & € [0, 1] and v € R, define

N i<n:V; v Hz + ]]-v i
Ji(v,a) ={Vi < Q(&;F(v))} ={a> 2z 'VJ<V}3, S

}.

Ji(v, &) is the event for wether sample ¢ contributes to the left side of Lemma 1 (6). We can define

a subset event J, (&) C J;(v, &) for all v values for all v. Decompose the condition of J;(v, &) as

below:

djenviev, Hij + Locvi D icnvov Hij 1 1

=7 : < ISV - _— = Iz R,L -_—. BlS
B; N B; - B; M B; ( )

Set G = {z €{l,...,n}: B; > 5i-nhf, |R;| < 1/%}. By Lemma A.4 (i), there exists a
constant C' > 0, such that for all ¢ € G: '

Bi —1—H;ins1
B;

_ deL

Bi—1—H;nt1
nhfi7

1
€| B

1, |- Py ix,(Vi)| < ChnIn(h, ). (B.16)

Combine (B.15) with (B.16), there exist a constant C' > 0 such that for all i € GG, we have

J(@) = {d > Pyix,(Vi) +C (hn In(h, ) + \/ ha};;) } C Ji(v,a), forallv.  (B.17)
nnn

We can also define a superset event J; (&) 2 J;(v, &) for all v values:

> i<nvy<v; Hij + Locv, - > i<nvy<vi Hij

= I, + R, B.18
B, > B, + ( )

Combine (B.18) with (B.16), there exists a constant C' > 0 such that for all 7 € GG, we have

nhy,

Ji(v,&) C Ji(a) = {& > Pyx, (Vi) - C <hn In(h, ") + hlg) } , forallv.  (B.19)
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Hence, we can then upper and lower bound the left side of (6) using J;(&) and J,(&):

;! ) ) ) - o

180 nH;Ji(U,a)gn+1+n+1§Ji(a)+nH, (B.20)
1 n+1 ) 1 )

n+1 ; Jilv, @) 2 n+1 ieGii(a). (B.21)

Set W; = Py |x,(V;), which is i.i.d generated from Unif|[0, 1] when V'| X is a continuous variable.
By Lemma A.4, we know that

2elL ln n

n h
P{|G¢| > 0} < P{min B; < — .n}: B > |R| =N
i=1 2el nh
n I
e < P{min B; <3 26L nn}
hB 1
< nexp(f;—L") +nx = 0. (B.22)

When {|G°| = 0} holds:
— When & makes (6) hold, by (B.20), we must have

1 no_ B n—|—1 1 1 1 Inn

(B.23)

190 — By (B.21), @ makes (6) hold as long as

1 ~ n+l 1< Inn
> > c = . In(h, ") + 4 —= |-
n+12']( a) > a=a>Q( n avn;5W1)+O<hn n(h, ") + nh£>

Further, since I" includes all possible empirical CDF values from weighted distribution F; for
1 =1,...,n 4+ 1 under all possible ordering of V;,..., V4. Let Bmax = maxnff B;. The
dlfferences between two adjacent values in I is upper bounded by B < 2¢L Hence, there

nh

195 exists a constant C' > 0 such that the smallest value in I" that makes (6) is upper bounded by

dsQ(nHa—ZéW +C<h n(h,, )+ﬁ). (B.24)
=1 nhn

The bounds (B.23) and (B.24) hold for all V,,; = v. By Dvoretzky—Kiefer—Wolfowitz inequality
and the fact that W; ~ Unif|[0, 1], there exists a constant C' > 0 such that

(maX\Q Z(SW —t] <4/ h;n) < % (B.25)

200 Combine (B.23), (B.24), (B.25) and (B.22), there exist a constant C' > 0, such that

P < | min &(vni1) — a| < C | hyIn(h, ') + Inn > < +P(]G°| > 0) — 0. (B.26)
Un+41 nhﬁ n2

Sincec(h In(h; ') +

h/, ) — 0, this concludes our proof.



2. Proofs of (9) and (10): By definition, for any given &, V,,+1 < Q(&; F ) if and only if

n

H(Xpi1, X
3 (Xnt1, Xi)

B Lv,<viy = Inp1 + Rpgr < & (B.27)
n+1

i=1

Define G = {B,,+1 > %, |Rpt1] < 4/ 26““"} When G holds, following the same routine as

bounding J (&, v) with J(&) and J(&), we can lower and upper bound (I, 11 + R, 41) in (B.27) 20
using Lemma A.4 (i): there exists a constant C' > 0, such that

_ Inn

Lnyi+ R < Pyix, (Vo) +C (hn In(h, ") + \/ hg) . (B.28)
Nn
1 Inn

In+1 + Rn+1 2 PV|Xn+1 (Vn+1) -C hn ln(hn ) + ? . (B29)
n n

Whi1 = Pyix, ., (Viy1) ~ Unif(0, 1] since V| X, 41 is a continuous variable. By Lemma A.4 (i)

and (ii), P(G°) — 0. Hence, for any given &, there exists a constant C' > 0, such that 210

P(Ini1+ Rpi1 < @) <G+ C | hyln(h,') + —5— | + P{G°} = &, (B.30)

(nhp)t/3
- - _ 1 -

P(In+1 + Rn+1 < Oé) >a—C <hn ln(hnl) + W)) — Q. (B.31)
Consequently, when & = o or & = &(v) — « for all v in probability as described in (11), we
achieve an asymptotic conditional coverage at level «. (I

B.8.  Proof of Theorem 4 215

Proof. We use the result from Barber et al. (2019) which extends CP to the setting with covar{ate shift:
Proposition B.1 (Barber et al. (2019), Corollary 1). For any fixed z. Set wg,(.) = Py

dPx
X Wao (Xi) s T _ W (T)
PP (z) = s wzo((]X (@) fori =1,...,n,and p;%(x) = ST wzo&inzo(m) . Then,

and

n+1
P {V(XnJrla n+1 < Q sz n+1 )} 2 .

In our setting, Wy, () o< H(xg,x). As a direct application of Proposition B.1, when (X, Y') is distributed

n+1

from PX , we have 220

n+1

IP{V(X Y) < Zp |Xn+1_a:0} > a.

Since the H(xg,x0) > H(zo, X) by definition, the distribution F dominates the distribution
S Pl (X)dy : given X, 11 = 2o, for any o, we have

- H(anXl)

Qe F) = Q(o; Zm v.)
i=1 ’
n it n+1
QY s e e T M0 X)) = Qo Yo pe(X

= _ H(CE(),XJ‘)—FH(?L'(),X) Z?:l H(.%‘Q,Xj)+H($0,X)

)6v,).
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Hence, we have
P{V(X,Y) < Q(a; F)| X1 = 20} > v, for all .
Next, we turn to the achieved coverage using C (X,11). By construction, we have
{V € CXuin)} = {V(Xur1, V) € Q@i F) + £(Xoi1)}
2 {V(X,Y) < Q(as F)}-

Consequently, we obtain

P {Y € C( X)Xy = xo} > P {V(X) < Qe F))| Xps1 = ;1:0} >a

C. PROOF OF LEMMAS IN THE APPENDIX
C.1. Proof of Lemma A.1
Proof. By definition, we know

Vir1 < Qa szavi + Wny16v,,) = Vo1 < Qo szﬁvi + Wnt1000)-

=1

To show that Lemma A.1 holds, we only need to show that,

Va1 > Qo Zwlé‘/i +wpy10v, ) = Var1 > Qa ZHMSV + Wnt1000)-
=1

Let Q(o; Y 1y wiby, + Wpt1Vipg1) = Vi for some index 1 <4* < n+ 1. When V;,41 > V;-, we must
have V;« < oo. By definition:

n+1 n n

a>Y wilvey. =Y wilvey. =Y wilvcy,. +wni1loosy,.
=1 i=1 =1

n
(a;zwiﬂm + Wn1000) < Vie < Vg1,
i=1

C.2.  Proof of Lemma A.2
Proof. We can prove Lemma A.2 with elementary calculus arguments.

(i) Given Vi,..., Vi1, Q(&; Fi) = inf{t : P(v < t) > & v ~ Fi}. The empirical distribution Fis
discrete with mass pfj on V;, we can have an explicit expression for Q(&; F;):
Vo, a=0, _
Q(&7~Fl): Kh Zl llpzj <O~[§Z;:1pgai:1a"'vna
Vgt 21:1 pil < a.

Hence, Q(&; ]-A'Z) is non-decreasing and right-continuous piece-wise constant on ¢, and v; can only
change its value at Z?Zl pﬁ for k =1,...,n. The same is true for Q(&; F).

(ii) Given &, when increasing V,, 1 from V,, 11 = v/ to V,, 11 = v for v > v/, the empirical distribution
Fi(v) dominates the empirical distribution F;(v') by construction: V&, we have

P {t < alt N]:'i(v’)} > P {t <t ~ ]:'i(v)}.

As a result, Q(&; F;(v)) is non-decreasing on v for any given &, fori = 1,...,n + 1.
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(iii) Suppose thatv € Cy(X,,+1). Let @ € T be the smallest value such that

n+1 1
Z n+ 1]lViSQ(&:,ﬁi(v)) 2 a
i=1

by definition, we have v < Q(&; F). Now, we consider V,, 11 = v for v’ < v. By the monotonicity

of Q(&; Fi(v)) on & and v from Lemma A.2 (i) and (ii), we must have &' > &* where &' € I is

the smallest value satisfying 250
n+1 1 X N

) nE 1 ViSe@sEw)) =

=

Hence, we have v' < v < Q(&; ]:') < Q& .7:') and ¢’ is included in the PI. This concludes our
proof. (]

C.3. Proof of Lemma A.3
Proof. Let o be a permutation of numbers 1,2,...,n + 1. We know that

#{o:0pt1 =1} _ 1
Y #o o =4y ntl
Set X = {X1,...,X,41} be the unordered set of the features. Since the function V (., Z) and the local-

izer H(.,.,X) are fixed functions conditional on 7, and & (can be random) is independent of the data
conditional 7", we obtain

P {O'n+1 = Z|T} =

255

n+1
Py Vot = Q&5 pr+1,j5‘/j)\7,&
j=1
n+1
:ZIP{O'n+1 = Z"T}]]-{Vn+1SU,Z+1(J)|T,UH+1=,L-} »
=1
_ni:l L]l - (C.1)
= P n+1 {vigv} 4 (0),0n41=1} |

where

n+1 n+1
* ~ ~ H(‘erxUj)
(o) = Q& Y Pl 5 0u, ) = Q@Y bu,.)
j=1

j=1 Z;'L/ill H(xfn ’ Ioj/) !

is the realization of v} = Q(&; ]:',) under permutation o, conditional on 7 and & We immediately ob-
serve that,

i (o) = vy, (C.2)

Combine (C.1) and (C.2), we obtain that P{V,,41 < v} |T,a} = Z;fll %HH{UKQ(&]%}. Marginal- s
ize over @|T, we have

n+1 1
Z n—+ 11{"%SQ(&;]}1‘)}‘T )

i=1

P {Vnﬂ < Q(d;ﬁn+1)\’r} —E
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275
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C.A4. Proof of Lemma A.4

Proof.
Part (i): We divide the space into non-overlapping subregions Ay = {x : (k — 1)h,, < d(x,z) <
khy}. Then,

T
Blao) = 3 exn(- 25 2 x-S e,

and 1x,c4, follows a Bernoulli distribution with success probability ¢; > %nhﬁ according to Assump-
tion 1 (ii). We can apply Chernoff Bounds to lower bound B(zy):
] ] ] hp

n nhy nhf nhf n
P {Z ]]-XiEAl < o, } < eXp(*ST) =P {B(IQ) < M/} < exp(f 3L )
=1

Using the partitions {A4;} and Assumption 1 (i):

gn]gn Lexp(1l Z Z (zo, X;) + Lhy, exp(1l Z Z kexp(—

k<ko i:X; €Ay k>ko i: X, €Ay,
< rréin {eLkoh,B(xo) + eLhykoexp(—ko)n}
0

< eLB[nh, Thy (B(zo) +nhl), (C.3)
where we have taken ko = 3[In h,; '] at the last step. Hence, there exists a constant C' > 0 such that

A(o)

— < 2LB[nh,; h, < Cln(h, )h,, forall 2o € [0, 1]7.
Blza) v (kD) [ | (h) 0 €1[0,1]

Part (ii): Set Z,; = % (Lv,<v, — Pyx,(Vi)), and R " ,+i Zij- By Hoeffding’s lemma, the cen-

tered variable Z;; is sub-Gaussian with parameter v;; = 2 Bi - for all 4, 7 and V;: for all j # 1,

viA
Elexp(AZ;;)|Vi] < exp(%), forall A € R.

. . . . H?
Hence, the weighted sum R; is sub-Gaussian with parameter v; = /> jtij<n I éz <\ iz B , Wwhere we

have used the fact that H;; < 1and B; = ZnH H;;. Combining it with the sub-Gaussian concentration
results, we obtain that

tQ
P {|R;| > t|X,V;} < Qexp(—ﬁ) < 2exp(—2t?By), forall V;,i=1,...,n+ 1.

%

Take t = 1%” we obtain the desired bound. O
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D. CHOICE OF H

D.1. Estimation of the default distance

Let V be the CV fold partitioning when learning V. We will estimate the spread by learning |V;| for V;
from the cross-validation stepand i = 1,...,ng:

Vi e VXD YD),

where V% is the score function learned using samples excluding .

The spread learning step is using the same CV partitioning V. To learn the spread p(X ), we consider
minimizing the MSE with the response log(|V;| + |V;|), with |V;| be the mean absolute value for V;
across samples in Dy = {Z? = (X?,Y%),i =1,...,no}. This additional term |V;| is added to reduce
the influence of samples with very small empirical |V;].

We do not claim that learning p(X) in such a way is always a good choice. It is a reasonable choice for
the regression score. However, for quantile regression score, |V;| can be large around regions with severe
under-coverage or over-coverage, making it a poor target. Despite this, the resulting LCP is similar to CP
with a poorly chosen p(z) for the quantile regression score in our empirical studies.

Our estimated / is defined as p = exp(f(x)) where f(z) is the estimated function from the learning
step. We let p; = p~%(X?) be the estimated spread from the cross-validation step. Let J € R™0*P be

F—i 0
WT(;("’). Let u) € RP*Po and u, € RP*(P—Po) pe the top po and the

remaining right singular vectors, with pg be a small constant. By default, pg = 1. We form the projection
matrix PH and P, with wyand u :

the Jacobian matrix with J; =

P” = ’U,Huhr, PL = ULUI-
The final dissimilarity measure d(x1,x) is a weighted sum of the three components, and

d(z1,12) = dl(il’@) n (wda(w1,22) + S - W)d3($17.’1?2))7
2 1

where dy(z1,¥2), d3(z1, 72) are projected distances onto P and P, , and d; (z1, x2) are distance in the
space of the learned spreading function p(x1), p(x2) as described in Section 3.3:

= di(z1,22) = ||p(z1) — p(22)]|2-
- da(71,22) = [|P(21 — 22)|]2-
= d3(x1,22) = ||[PL(21 — 32)||2-

We set w and o1, 05 as following:

— Let y1)/p1. be the mean of da(X, X7) or d3(X7, X7) for i # j, then we let w = M”_ﬁ“” .

- We let o1 be the mean of (wdy(X?, X))+ (1 —w)ds(X?,XY7)) and oy be that mean of
di (XY, X;.)), using all pairs ¢ # j from Dy.

D.2. Empirical estimate of the objective
We want to minimize a penalized average length of finite PIs:

J(Rh) = Average PI7""* Jength + \ x Average conditional PI/*""¢ length variability
s.t. IP(Infinite PI) < 4.

Let Ex f(X) denote the expectation of some function f(.) with over X . In this tuning section, we consider
two specific types of V(.): the scaled regression score and the scaled quantile score, and

V(X,Y) = ﬁw—ﬂm,

or

V(X,Y)= max{q,(X) = Y,Y — qni(X)}.

L
o(X)

290

295

300

305

310

315

320
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These two score classes will include the four scores considered in our numerical experiments. Let £* be
the selected index from Lemma 2, for this two classes of scores, the PI of Y, ; is constructed as

C(Xpt1) = [[(Xng1) = 0(Xng1) Vi, f(Xng1) + 0(Xpg1) Vi,

or
C<Xn+1) = [qlo(XnJrl) - J(Xn+1)vk*7qhi(Xn+1) + J(Xn+1)vk*]'

In both cases, the length over the constructed PI of Y,,; is additive on o (X, nH)Vk* , and hence, mini-
mizing PI of Y}, is equivalent to minimizing o (X, 1)V g+, and the conditional variability of the PI is
the same as the variability of o(X,+1)V - conditional on X, ;. Hence, after omitting components that
do not depend on h, we can express the terms in the above objective as

k* < n} . It depends on Z;.,,, X,,+1 as well as

— Average P/ length: Bz, ., [0(Xps1)Vie
the tuning parameter h. (Recall that when k* =n + 1,V ,, 1 = 00.)

— Average conditional PI/""¢ length variability: \/ Ez,.. . Xnis [a(Xn+1)2 (Vi — u(Xn+1))2 |k

where ((X,41) = Bz, [Vi-
ized over Z1.,,.
— Average percent of infinite PL: P(k* = n + 1).

k* <n, Xnﬂ] is the average length finite PI at X, , marginal-

We estimate the above quantities with empirical estimates using Dy. As in the previous section, we con-
sider the case where the function form V' (X,Y) is estimated by CV and V; < V~#(X?,Y,?). For exam-
ple, we want to construct the score function V(X,Y) = |Y — f(X)| where f(X) is the mean prediction
function. Then, V~*(X?, Y)?) is calculated as

VXD YD) = Y0 - @),

where f ~k(.) is the learned mean function using data excluding fold k that includes sample 7. We also
estimate the spreads and define the distance on Dy using the CV estimates.

Given the dissimilarity measure d;; for any pair (X7, X7), and thus H;; = exp(— d;j ) for a given h,
we estimate the empirical loss for o € {hq, ..., h,,} as below:

— Estimation of average length and infinite PI probability:
— We subsample i = (n + 1) A ng samples without replacement from Dy, let the set be S and
construct PI for each sample ¢ € S with a calibration set S \ {i}. Let L; be the scaled length

for the constructed PI (scaled by o(X})).
— The probability of having infinite PI is estimated as C1 (h)

_ EiES,LZ<oe L
— F#{bLip<oo}Vi®

The above estimates can be repeated for multiple times when ng is much larger than (n + 1).
— Estimation of conditional variability:

= #{Z%LL:C’O}, and the average

finite PI length is estimated as C(h)

— Repeat B times the PI construction: for b = 1,. .., B, we subsample n samples with replace-
ment from Dy, and let the length of scaled PI of V" at ZZO be L fori=1,...,ng.
Zb:Lib <oo Liy

— Calculate the finite conditional mean as p; = Fb Lo}Vl

. . oL <oo (Lib—hi)?
— Calculate the conditional variance as s; = ;f{fzb <O;}v1

— The average conditional variability for PI with finite length is estimated as C3j) =

> (#{b:Lip<oo}Xsy)
#{(i,b):Lip<co}

We take h from the candidate set to minimize the empirical objective:

h = arg Clr?hl)ngﬁ (Co(h) + AC3(h)) .

Sn},
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