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ONLINE APPENDIX

NENG-CHIEH CHANG

S1. MONTE CARLO

ML estimation (repeated cross sections): Let NV be the sample size and p the dimension of control variables,
X; ~NQO,1,, ). Also, let yo = (1, 1/2, 1/3, 1/4, 1/5, 0, ..., 0) € R?. D is generated by the propensity score

1
P(D=1|X)=—————(Logistic).
( 0= e iy (o8O

The potential outcomes are generated by Y,.O O)=1+ sl,Yio (H = Y,.0 O+ 1+ ez,Yil (1) =6y + Y,.O H+
&3, where By = yo + 0.5 and 6y = 3, and all error terms follow N(0, 0.1). Define Y; (0) = Yi0 (0) and
Y, () =Y2()(1 - D)+ Y (1) D;. Let T; follow a Bernoulli distribution with parameter 0.5. Researchers
observe {Y;, T;, D;, X;} fori = 1, ..., N, where Y; = Y;(0) + Ti(Y:(1) — Y;(0)).

ML estimation (multilevel treatments): Suppose there are two levels of treatment so that W € {0, 1,
2}. Let N be the sample size and p the dimension of control variables, X; ~ N(0, I, « ,). Also, let y, €€ R?,
such that yo = (1, 1/2, 1/3, 1/4, 1/5, 0, ..., 0) and

(PW=0),P(W=1),P(W=2))=(03,0.3,04)

.The potential outcomes are generated by Yl.0 ©0) = X'Bo + & ,Y,.0 ()= Yl.0 O+ 1+e,Y (1) =01+
Y2 (1) + &3,Y2 (1) = 6s9 + Y2 (1) + &4, where Bo = Yo + 0.5 and 6;9 = 3 and 05 = 6, and all error
terms follow N(0, 0.1). Researchers observe {Y;(0), Y:(1), W;, X;} for i = 1, ..., N, where ¥; (0) = Y,-O )
and Y; (1) = Yl.0 MIW, =0+ Y (I W, =1)+Y>(1)I(W; =2). 1 focus on the estimation of the
second-level ATT 6,.

S2. PROOFS OF THE NEYMAN-ORTHOGONAL SCORES

Proof of Lemma 3.1. Repeated outcomes:
The Gateaux derivative of (3.1) in the direction n; — 110 = (g — go, £1 — £10) 1S

- DY (1) =Y (0)— £ (X))
po (1 — go (X))’

D —gX)
Po (1 — go (X))
g (X) —go(X)
"L (1= g0 (X))

|:(El (X) — €19 (X))

D
00, Ep Y1 (W. 6. po. mo)] =E; [( (g (X) — g0 <X>)}

(€1 (X) = Lo (X))}
———~E[Y() = Y(0) = £,o(X) | X, D = 0]]

Ep[D — X)X
o —goxy PP s &) ]]

§(X) — g (X)

L0 (X Lo (X —
po(l—go(X))( 10 (X) — Lo ( ))]

7

where the second inequality follows from the law of iterated expectations and the third from the definition
of £19(X) and Ep[D — go(X)|X] = 0.
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Figure S1. Repeated cross sections.
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Figure S2. Multilevel treatment.
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Repeated cross sections:

Similar to the proof of repeated outcomes, the Gateaux derivative of (3.2) in the direction 17, — 12 = (g
— 80, €2 — £x0) is
(D=D(T =2)Y — &y (X))
po (1= g (X))

0, Ep [V (W, 6o, po, Ao, 20)] =Ep |: (g(X)—go (X))]

[ D —go(X)
—Ep| ————— (b (X) — £y (X
P_p()(l—go(X))(Z( ) — oo ( )):|
[ (X) — g0 (X)
=—FEp| ————(lrg(X) — Uy (X
P_p(’)(l—go(X))(ZO( ) —£xo ( ))]

[ 6 (X) — € (X)
B a— gy PP a0l X]]

where p;, = poio (1 — Ao).

Multilevel treatment:

Let A, =gy — guwo» A, = g. — g0, and Ay3 = €3 — £30. The Gateaux derivative of (3.3) in the direction
Nw — Nwo = (gw — 8w0> 8z — 870, £3 - eSO) is

I(W =0)guo (X
anw Ep [ww (Wv 00’ Puwo, Uwo)] =Ep [w

Y (1) = Y (0) — £30) Aw]

Pwo8z0 (X)2
I(W=0)

- — (D) -Y0) ¢ )Az]

P[pwgm(X) ¥

I(W=0)g,(X)—I (W= 0 (X

+Ep[ ( ) guwo (X) — 1 ( w) gz ( )Am]

Pwo8z0 (X)
=0
by the law of iterated expectation on each term. (|

S3. ADDITIONAL PROOFS

Proof of Theorem 3.1. The proof proceeds in five steps. In Step 1, I show the main result using the
auxiliary results (A.1) through (A.4). In Steps 2 through 5, I prove the auxiliary results.

1/2
SuIT7 (E [ ¥1 (W, 66, po, m) — 1 (W, 60, po. mo) [17]) ? < ey, (A.1)
mein
sup || 97E [ (W, 60, po. o+ 1 (n1 — mo))] 1< (en)*, (A2)
re(0,1),n €Ty
a1\ 1/2
SU7E (EP [|| Y1 (W, 00, po. m) — 3,91 (W, 6o, po, n10) |l ]) =< &y, (A.3)
mein
1/2
sup  (Ep [ 8291 (W, 6, p.m) — 8291 (W. 6. po. mo) I1P])"* < ew. (A4)
PEPN.mETN

where Ty is the set of all n; = (g, £,) consisting of P-square-integrable functions g and £;, such that

Il —nio lp2=< én,
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lg—1/21lpo=1/2—k,

lg—8llps+ 11 g—280llp2 x| & —Lig llp2< (&),

and Py is the set of all p > 0, such that |[p — py| < N~"2. Then, by Assumption (3.1) and | p; — po |=
Op (N7'72), we have fi;; € Ty and p; € Py with probability 1 — o(1).
Step 1. Observe that we have the decomposition

K
VN (0 - 6) =VN (11( Zék - 90)
=1
1 K
=«/N? Z Eox [¥1 (W, 00, Prs Nix)]
=1
| X
:W? Z Bk [¥1 (W, 00, po, f1x)]
=1

l K
VN Y Eui 0,01 W, 6o, po. )] (k= o)

k=1

a

K

Z Evi [9,%1 (W, 60, Pics 1) ] (e — po)’,
k=1

++VN

1
K

b

where p; € (Pi, po)- By the triangle inequality, the expectation in term (a) satisfies

|Enk [9p%1 (W, 60, po. )] — Ep [0,91 (W, 60, po. mo)]| < Jia + ok

where
Tk = 1Eni [8,91 (W, 60, po. )] — B [3,%1 (W, 60, po. mo)] I,

Jok = |Ewk [3p91 (W, 60, po. mo)] — E, [0,%1 (W, 60, po, mo)]l.

The goal is to show that J; ; = 0,(1) and J5 x = 0,(1). To bound J; , we have Ep[J> (] = 0 and

Ep [J3] <07 Ep [(3,91 (W, 60, po, m0)*)]

Ly [1 U2 ]
=n pl———
P (1 — go)?

2
<n”! <f7>
P0K2

where the last inequality follows from Assumption (3.1). By Chebyshev’s inequality, J, ; = Op(n~?) =

op(1). Next, we bound J; ;. Conditional on the auxiliary sample I, 7j;; can be treated as fixed. Under the

© 2020 Royal Economic Society.



6 N.-C. Chang

event that 7j;; € Ty, we have

Ep [T 1 W | =En [I 8,31 (W60, po ue) = 9,91 (W, 6o, po. o) IP] Wi |

< sup Er [Il 8,91 (W. 6. po. m1) — 8,91 (W, 6o, po. o) [1%]
mein

:8,2\/
by (A.3). Because conditional convergence implies unconditional convergence (Lemma A.1), J; , = Op(ey)

= op(1). Together, we have

Enk [3,91 (W, 60, po. 11:)] = E, [3,%1 (W, 60, po. 110)] = Gipo.

By the triangle inequality again, the expectation in term (b) satisfies

|Ewi [0,%1 (W, 60, prc, )] — Ep 0591 (W, 60, po, mo)]| < Jak + Jas,

where
_ 2 - 2
Sk = Eux [8,,1/f1 (W, 6o, Pr. )] — En [apwl (W. 60. po. mo)]l.
— 2 2
Jak = |Eni [0591 (W, 6, po, mo)] — E, 851 (W, 66, po, mo)] |-

To bound Jy4 «, we have
Ep[J3,) <n ' Ep [(0291 (W, 60, po. mo))]

g [4 U2V12 }
=n P _——
Py (1 — go)’

- 4c?
n ,
= e

where the last inequality follows from the regularity conditions. By Chebyshev’s inequality, J4 , = Op(n
= op(1). Conditional on I, both p; and 7, can be treated as fixed. Under the event that p, € Py (thus
Dr € Py)and iy, € Ty , we have

—1/2)

En [J2 1 Wodiere | =En [ 031 (W, 60, pr. in) = 0291 (W, 6o, po. o) I (Wi |

< sup  Ep[ 9,91 (W, 60, p,n1) — 3,91 (W, 6, po, mo) I’]

PEPN M ETN

<ex

by (A.4). By Lemma A.1 again, J5 = Op(en) = 0p(1). Hence,

Ene [0291 (W, 60, Pr, 11)] = Ep [0201 (W, 60, pr. 711)] -

© 2020 Royal Economic Society.
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Combine the above results with p; — py = E,x[D — po] and (pr — po)> = Op(N~"), and the decompo-
sition of & becomes

_ 1«
VN (0= 00) = VN2 D Ewil¥ (W, b, po, i)l

k=1

k=1

1 K
+ [WK D GipoEai (D = po)l +o0, m} +0, (N7

1 K
= VN2 DBk [10 (W, 60, po. 1) + Gapo (D = po)] + 0p (1)
k=1
1 N
= — ) " [¥1 (Wi, 6, po. m0) + G1p0(D; — po)] + V' NRy +0p (1),
VYN S
where
1 K
Ry = D Euk [¥1 (W. 00, po. 1) + Gipo (D = po)]
k=1
1 N
N Z [¥1 (Wi, 6o, po. n10) + G1po (Di — po)]

N
1
By« [V (W, 60, po, fi1)] — N Zl/fl (Wi, 6o, po, n1o) -

1 i=1

K

M=

~
Il

It remains to show that /N Ry = op (1).

This part is essentially identical to Step 3 in the proof of Theorem 3.1 in Chernozhukov et al. (2018). I
reproduce it here for the reader’s convenience. Because K is a fixed integer, which is independent of N, it
suffices to show that for any k € [K],

1
Evic (1 (W, 60, po, 0] = = 3 91 (Wi, 6, po, mo) = 0 (N7'72).

iel;
Define the empirical process notation:
1
Could W)l = 2= 3 (as(w,» - f¢><w>dP) ,
n i€l
where ¢ is any P-integrable function on W. By the triangle inequality, we have

Lix + by

1
£, W, 6o, po, )] — — Wi, 6o, po, < ,
| &k [ ( o, Po> 11x)] ;. Zwl( . Po> Mo) |l N

iely
where
L = G [Y1 (W, 00, po, )] — G [¥1 (W, 6o, po, mio)] I,
Ly = Vn |l Ep ['l’l (W, 60, pos 1) | (‘/Vi)iel,f] — Ep [¥1 (W, 6y, po, mo)] |l -
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8 N.-C. Chang

To bound /; ;, note that conditional on (W), i the estimator #j;; is nonstochastic. Under the event that
Mx € Ty, we have

Ep [0 1 Wi | =Ep [0 (W, 80, pos i) = 91 (W, 60, po mo) 171 (W |

= sup Ep [Il 1 (W, 60, po, m0) = 91 (W, 60, po, o) 1P| (W |

meTy

= sup Ep [l Y1 (W, 6, po. m) — 1 (W, 60, po. mio) II7]

meTy

=(8N)2

by (A.1). Hence, I, ; = Op(ey) by Lemma A.1. To bound I, 4, define the following function

Ju(r)=Ep [‘/fl (W, 6, po, mo + 7 (flix — mio)) | (Wi)iegg] — E [yt (W, 6, po, n10)]
for r € [0, 1). By Taylor series expansion, we have
fi (D)= fi(0) + f; (0)+ f () /2, for some 7 € (0, 1).

Note that f;(0) = 0 because E [1/f1 (W, 6o, po, n10) | (Wi)iel;] = E [Y1 (W, 0, po, no)]. Furthermore, on
the event 7y, € Ty,

I fk/ O 1=l 3:7, Epyri (W, 6y, po, o) [k — niol 1= 0

by the orthogonality of v,. Also, on the event 7, € Ty,
I £ ) ll< sup I £ () 1< (en)?
re(0,1)
by (A.2). Thus,

Li=~n| fi (D)= 0p (Vn(en)).

Together with the result on /; 4, we have

) 1 Li+h
B,k [ (W, 6o, po, 1)1 — — Z Y1 (Wi, 6o, po. n10) <2k
n iel; ﬁ
=0p (n7ey + (en)?)
—op (N7

by n = O(N) and ey = o(N~"*). Hence, vV NRy = op (1).
Step 2. In this step, I present the proof of (A.1). We have the following decomposition:

D —g(X)
Y1 (W, 0o, po, m) — Y1 (W, 6o, po, nio) =—————<= (Y (1) = Y (0) — £, (X))
po(l —g (X))
D — go(X)

- Y () =Y (0) — £ (X
po(l—go(X))( (1) =Y (0) = £0(X))

U+ g (X)—g(X)
T po(l—g(X))
[IA%
T (=g (X))

(Vi + Lo (X) — €1 (X))

© 2020 Royal Economic Society.
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Thus, we have

uv U (Lo (X) — €, (X))
W, 6o, po, m) — W, 6o, po, =
Y ( o, Po, M) — Y1 ( o> Po» N10) 01— g(X) 01— g(X))
(80 (X) —g(X) Vi uv,

Po (1 — g (X)) Po (1 — go (X))
N (g0 (X) — g (X)) (£10 (X) — £, (X))
Po(1 — g (X))

Givenk < go(X) <1 —rkandk <gX) <1 —«,

Il ¥1 (W, 60, po, 1) — Y1 (W, 6o, po, n10) llp2=

S UV =00

+ U (Lo (X) — £ (X)) (1 — go (X))
+ Vi(go (X) — g (X)) (1 — go (X))
+ (g0 — &) (1o — £1) (1 — go (X))

—UVi(l—gX) llpa-
By k < go(X) <1 —«k and k < g(X) <1 — « again, we can obtain

1 —«

Il 1 (W, 6o, po, 1) — ¥ (W, 6o, po, m10) llp2= I UVI+ U (Lo (X) — £ (X))

Pok’?
+ Vi (go (X) — g (X))

+ (8o (X) — g (X)) (£1o (X) — £ (X))

—UVi|pa.
Thus, by Ep[U?|X] < Cand Ep [V? | X] < C,

(1 -V C
Il Y1 (W, 00, po, 1) — Y1 (W, 0o, po, N10) ||P,257 | 10— €1 llp2
0

L a — KV C

Dok

-«
Pok? I go— g llp2ll Lo — L1 llp2
0

g —gllr2

—+

<O (en +en + (en)’)
=0 (SN) .
Step 3. In this step, I present the proof of (A.2). Define

f@r)=Ep Y1 (W, 0, po, nio +1r (m — nio))] .

Then, its second-order derivative is

2 (D —1)(g — 8)°
92 =—F [
AL po LA =go—r(g—g0)’

Y M =Y O) =Ly —r — 510))]

—iE[ b-1 (01 — €10) (g — 4
po L0 —g—rg—g)y | OETE

It follows that

107 F () 1= 0 (I (g —80) 5,4 11 (€ —80) lp2 X Il (€1 — £10) llp2) < (en)*.

© 2020 Royal Economic Society.



10 N.-C. Chang

Step 4. Notice that

39,01 (W, 6 __1D=8 iy vy x
plﬁl( , J’J)I)——;m( (1) =Y 0)— £, (X))

1
=—*(¢1(W,9sp,771)+9)»

p

and then, we have

I 0,91 (W, 60, po, 1) — 3,%1 (W, 6o, po, n10) llp2

1
P | Y1 (W, 60, po, 1) — Y1 (W, 600, po, n10) llp.2
0

= O (en)

by Step 2.
Step 5. Notice that

2D-¢gX)
3

Y()—Y(0) —¢ (X
» l—g(X)( (1) =Y (0) - £ (X))

PY1(W. 0, p.m) =

2
== (G (W.0,p.n) +6),
p

and then, we have

291 (W, 60, p, 1) — 0,91 (W, 6, po, mo) =011 (W, 6, po, m) — 9% (W, 60, po, 10)
+ 3]3;3‘//1 (W, 6o, p, m)(p — po)

2
=? Wi (W, 6, po, m) — Y1 (W, 6, po, m10))
0

6D —g XY () -Y(O) - (X))
p* 1 —g(X)

X (p — po),

where p € (p, po). Thus, || 9291 (W, 60, p, m) — 3,91 (W, 60, po, mo) || p.2 is bounded by

2
F Il Y1 (W, 6o, po, m1) — Y1 (W, 6o, po, n10) llp2
0

p %(Y(l)—y(o)_gl(x)) lp2 x| p—pol-.

© 2020 Royal Economic Society.
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The term in the second line is bounded by

6 6 6
WU +g - WVi+Llio—L) lp2=—= 1 UVillp2+—= 1 U&o—£) llp2
P phic P

+ I Vi(go—8) llra

P«
6
+ == 1180 —g llr2ll €io— 41 llp2
als

6

<=
pi

(c+vClto—tilr)
6

+T\E“ 8o —gllp2
p K

6
+—— 18 —glr2ll €io—4¢illp2
s

=0 (1)

by 1UVinp2 < wUViips < C, Ep[U*X] < C, Ep[V? | X] < C, and the conditions on the rates of
convergence. Together with Step 2, we obtain

Il 9,91 (W, 60, p, m1) — 9,91 (W, 6o, po, o) [lp2<0 (ex) + O (1) x O (N™'?)
=0 (en),

where I assume that & converges to zero no faster than N~

Repeated cross sections:

In Step 1, I show the main result with the following auxiliary results:

1/2
SUIT) (E [Il Y2 (W, 60, po. ko, m2) — Y2 (W, 6o, po. ko, 120) I°]) 2 <ey, (A.5)
meln
sup Il arzE [Y2 (W, 6o, po, Aos 20 + 7 (12 — n20))] I (8N)2- (A.6)
re(0,1),meTn
1/2
sup (Ep [l 3,92 (W, 8. po. Ao m2) — 3,12 (W. 6, po. 2ow o) 17]) < en, (A7)
mein
1/2
sup (Ep [l 992 (W. 60, po. ko, 12) — 832 (W, 6, po. Ao o) 17])" < en. (A.8)
mein
1/2
sup  (Ep [Il 9292 (W, 6o, p. o, 1) — 9202 (W 6. po. 2o, o) [12])"” < e, (A.9)
PEPN.mETN

1/2
sup (Ep [Il 0292 (W, 60, p, oy 12) — 0292 (W, 60, po, 2o 120) I17])* < ey (AL10)

PEPN AEAN,METN

1/2
sup  (Ep [Il 30,92 (W, 60, p, ko, 12) — 3,0,%2 (W, 60, po, 2o ma0) I7])"> < ey (A1)

PEPN . mETN

where Ty is the set of all n, = (g, €») consisting of P-square-integrable functions g and ¢,, such that

Il 72 —m20 llp2=< €n,
lg—1/2po=1/2 -k,

I (g = g0) 15, + 11 (€= g0) llp2 X Il (€2 = £20) 2= (en)?,

© 2020 Royal Economic Society.



12 N.-C. Chang

and Py and Ay are the sets consisting of all p > 0 and A > 0, such that |p — po| < N""?and | — Ao| <N~'2,
respectively. By the regularity condition (3.2), | px — po |= Op (N7/2),and | & — g |= Op (N772), we
have i € T, P € Py, and &; € Ay with probability 1 — o(1).

In Steps 2 through 4, I show the above auxiliary results.

Step 1. Notice that

» 1SN
VN (6 - 6)) =V/N (K > b —90>
k=1
| X
:“/NE Z Eni [¥2 (W, 60, pics hic, x|
k=1
| X
=*/N? Z Bk [¥2 (W, 60, po, 2o, far)]
k=1

| X
+ WE > Euic [8,92 (W, 60, po, ko, 7o) ] (Px — po)

k=1

1« .
+ */NE Z Bk [0 %2 (W, 60, po, Ao, )] (Ax — Ao) + 0p (1),

k=1
where the term op(1), by the same arguments for the term b in repeated outcomes and the auxiliary results
(A.9) through (A.11), contains the second-order terms

1 & R
VN2 D Bk [0502 (W 80, B b 7120] (P = po)®.
k=1

1 < i R
\/NE kgl: £« [3)%!02 (W, 00, Prs Mk f}zk)] ()\k — )»0)2 ,

K
1 . - .
\/NE Z Enk [8.0,%2 (W, 60, Pr, Ao, 1) (A — o) (P — Po)
k=1
where p; € (px, po) and &y € (ik, Ao), On the other hand, by the same arguments for the term « in repeated
outcomes and the auxiliary results (A.7) and (A.8), we have

Enx [0,%2 (W, 60, o, ho, f12e)] 5 E, [3,¥2 (W, 60, Po. %o, 120)] = G2po.

£,k [0:92 (W, 0o, po, Ao, ai)] 4 E, [0,92 (W, 09, Po, 2o, n20)] = G-
Hence, because py — po = E,x [D — pol and Ay — Ao = E.« [T — Xo], we have

By 1 &
«/ﬁ(@ ) =\/N? Z Bk [¥2 (W, 00, po, Ao, T12i)]
py

K
1
=V NE E Enk [¥2 (W, 60, po. 2o, i) + Gapo (D — po) + Gauo (T — 10)]
k=1

+op(1)
&
=ﬁ Z [V2 (W;, 60, Po. Ao, 120) + Gapo (Di — po) + Gozo (T; — Ao)]
i=1
++/NR), 405 (1),

© 2020 Royal Economic Society.



Double/debiased machine learning for DiD models

where

1y )
Ry =% Z £, « [lﬂz (W, 6y, po, Lo, o) + Gapo (D — po) + Gopo (T — }»0)]

N
Z [V2 (W;, 60, Po. %o, 120) + Gopo (Di — po) + Gozo (T — Ao)]

i=1

1 & 1 <
=% Z Bk [V2 (W, 00, po, 2o, flzi)] — N Zlﬂz (Wi, 6o, po, 0, M1o0) -
=1

i=1

13

Using (A.5) and (A.6) and the same arguments as for Step 1 in repeated outcomes, one can show that

VN R}, = op (1). Hence, it remains to prove the auxiliary results (A.5) through (A.11).
Step 2. Recall that p; = poAo (1 — A¢). For (A.5), notice that

D —-g(X)
Y2 (W, 6o, po, kos m2) — Y2 (W, 6o, po, hos M20) =—————— (T — 2 Y — £, (X))
Py (1 —g (X))
D — go(X)

——————— (T =) Y — (X
T ey (T MY — (XD

U+g0(X)—g(X)

o ph(1—g(X))
Uuv,

Py =g (X))

(Vo + £y (X) — £2(X))

The decomposition becomes

UV, U (€ (X) — €2 (X))
W, 6y, po, Ao, — W, 6y, po, Ao, =
Y2 ( 0> Pos Aos M2) — Y2 ( o> Po> 205 1120) p{,(l—g(X)) p(’)(l—g(X))
(8o (X) —g(X) V>
po (1 —g (X))

(80 (X) — & (X)) (€20 (X) — £ (X))
Py (I — g (X))
Uuv,
Pyl =g (X))

+

Given that k < go(X) <1 — K,k < g(X) <1 — k, we have

| Y2 (W, 6o, po, Ao, 12) — V2 (W, 6o, o, Ao, 120) 1P 2=

IUVy(1 - go (X))

POk’
+ U (€20 (X) — €2 (X)) (1 — g0 (X))
+ V2 (g0 (X) — g (X)) (1 — go (X))
+ (80 — &) (oo — £2) (1 — go (X))
—UV2(1 =g X)) llp2 -

© 2020 Royal Economic Society.



14 N.-C. Chang

By x <go(X) <1 —«k,k <g(X) <1 — « again, we obtain

1—«

| ¥2 (W, 6o, po, 2o, 12) — Y2 (W, 0o, po, 2o, 120) [l 2= | UV,

PoK?
+ U (Lo (X) — €2 (X))
+ V2 (g0 (X) — g (X))
+ (80 — &) (oo — £2)

UV lpa2.
Given Ep[U?|X] < C, Ep [V22 | X ] < C, and the conditions on the rates of convergence,
(1—x)/C
| Y2 (W, 6o, po, 2o, 12) — V2 (W, 6o, po, Ao, 1120) ”P.ZST I €20 (X) = €2 (X) [l P2
0
(1—x)W/C
t——F— 1180 (X) =g (X) llp2>
Pok
(I —x)
+—— g —gllrall o= L2 llp2
Dok
<O (en +en + (en)’)
=0 (SN) .

For (A.6), let fir) = Ep[y2(W, 60, po, o, N20 + (N2 — 120))]. Then, the second-order derivative is
[ (D —1)(g —8)’
(1 —go—r(g—2g0)
2 [ D—1
P

Po (1 —go—r(g—go)

2
arzf (r)y=—Ep
p

(T —20)Y — &0 —r (b — Ezo))]
0

5 (b2 — £x0) (8 — go):| .
It follows that

107 F () 1= 0 (1(g—80) 32+ 11 (€ —80) llp2 X Il (€2 — €20) llp2) < (ew).

Step 3. For (A.7), notice that

00 (W, 0, p. o) = L D=y )
p‘lfz » U, Py A2 __pZA(I—X)l—g(X) - -t

1
=_;(¢2(W’93p’)"5n2)+0)7

and then, we have

1
| 9,%2 (W, 0, po, ko, 12) — 3,2 (W, 6o, po, X0, M20) ||P,2=; I Y2 (W, 6o, po, ros 1m2)
0

= ¥2 (W, 6o, po, 2o, 120 llp2
=0 (en)

by the proof of (A.5).

For (A.8), notice that

1—21  D—g(X)
A1 =27 p(l—g(X)

Y D —g(X)

=) T—g(X)

asz(wvgv Pv)\,ﬂz)z_ ((T_)\')Y_ZZ(X))

© 2020 Royal Economic Society.



Double/debiased machine learning for DiD models 15

Define 8,20 = 9,9 2(W, 6o, po, Lo, 120). Then,

I 0,92(W, 6o, po, Ao, 12) — 0. %20 lp2= Il ¥2(W, 0o, po, do, 12) — ¥2(W, 6, o, Aos M20) Il p.2
| 1—=2Xx0 |
Ao (1 = 2o)

o 1<D—g(X)_ D—go(X)> s
Po\Nl—gX) 1—=go(X) ’

Y (D—-g(X D — X
=0 (eny)+ |l ?< A £ )) lp2
0

I—g(X) 1-g(X)

=0 (en) + 1Y (g—8)(D—1Dlpa

/2
Pok

/G
=0En+——=lg—8ollr2
Dok

=0 (ew),

by (A.5) and Ep[Y?|X] < C.
Step 4. For (A.9), notice that we have

2 D —g(X)

2y (W, 0, p, A, ) =
1,1//2( V4 172) A =2 1—gX)

(T =1Y - 6(X).

Define 8>V = 9,92 (W, 6o, po, X0, 1120). Then, we have

3,2,‘//2 (W, 60, p, ko, m2) — 3,2,1//20 =3§1//2 (W, 60, po, 2o, m2) — 3;1//20
+8,y2 (W, 6, P, ko, 12) (P — po)
2
= (Y2 (W, 6o, po, 2o, 12) — Y2 (W, o, po, 2o, 1120))

+3,y2 (W, 6, p, o, 12) (P — Po) »

where p € (p, po). Hence, we have

2
I 9242 (W, 60, p. Ao, m2) — 02920 lpa=s 192 (W, 60, po. do, 1) = Y2 (W 6o, po, do, o) |

D —g(X)
Toe(X) (T =2 Y = £(X)) llp2

6
X —————
Do (1 = 2o)

+1

lp—pol.

© 2020 Royal Economic Society.



16 N.-C. Chang

By (A.S), we have 12(W, 09, po, Ao, 12) — Ya(W, B0, po, Ao, N20)11p,2 = O(en). The term in the second line
is bounded by

1 1 1
< | (U +go—8) (Va+ly —¥) ”P.Zf; (RAZR PR +; 1T (Lo —£2) P2
1
+ < Il Va(go—8) llra
1
+ P Igo—g llpall €20 — €2 llp2

1
< (C+VClto—tallp2 +VC g0~ )

=

1
+ P Igo—g llpall €20 — €2 llp2

=0 (1)
by 1UVaiip. o < 1UVaiip 4 < C, Ep[U*|X] < C, and Ep [V22 | X] < C. Thus, we obtain

I 8542 (W, 60, P, o, 12) = 95920 p2<0 (ex) + O (1) x O (N7'?)
=0 (en),

where I assume that &y converges to zero no faster than N~"2.

For (A.10), notice that we have

| D —g(X)
pA(1 =27 1—g(X)
2—4r D—g(X)
PRl —=21)7% 1—g(X)

Y (W, 0, p, hym) =

(T =Y = £(X)

)

where ¢y is a constant depending on A. Define 8120 = 921, (W, 6, po, Ao, N20). Then, we have

32 (W, 0o, p, ks ) — 3220 =372 (W, 6o, po, Ao, 112) — 320
+ 079,92 (W, 60, P, &, m2) (p — po)

+ 0592 (W. 60, po. &, m2) (A — Ao)
— a
21— 20)

2—4h (D—g(X)_D—go(X))
pord (1 =20 \1—g(X) 1—go(X)

+ 0;0,%2 (W, 60, p. 1, m2) (p — po)

+ 0592 (W. 60, po. &, m2) (A — Xo)

(W2 (W, 60, po, 2o, 12) — ¥2(W, 0o, po, Aos 1120))

© 2020 Royal Economic Society.
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where p € (p, po) and & € (X, Ag). By the triangle inequality, we have

L
I 9292 (W, 60, p. Ay m2) — 87Yrag [l 2= 1

— X
A2(1 =)
I Y2 (W, 6o, po, Aos m2) — Y2 (W, 8o, po, Aos 120) |l p.2

12— 4 | Y ”(D—g<x>_D—gO<X>> |
P2 =) "\ 1—g(X) 1—gX))""

+ 11978, (W, 60, p, 2o 1) 2l p— po|

+ 11 3392 (W, 60, po. & m2) llpal A= 2o |
The norm term is the second line is bounded by

1 vC
S 1Y (D —=1D(g—2go)llre=—5 &= 80 llr2
K K

=0 (en),
by Ep[Y?|X] < C and D € {0, 1}. The two high-order terms are bounded by
| ci | D — g (X)

I 3123p1//2(W7 Oo, P, A, M) llpa=< (T -=0Y —6(X)) llpo

P23 (1 =2y’ ” 1—g(X)
[2—4r]  D—g(X)

Y
(1 2 I 1~ e(X) llp2
and
- [l D —g(X) -
33y, (W, 60, pos X, < T—1)Y -6 (X
| 842 (W, 60, po, &, m2) ||1=,2_po)_L4 (1—X)4 | =g X) (( ) 2(X) llpa

lal | D-gX)
poid(1—7)  1-g(X)

where ¢, and c;3 are constants depending on A. Using the same arguments in (A.9), one can show that

x Y lpa2,

1 2288 (7 v — 60y ez 0 ()
1—g(X) 2= ’
D —-g(X) -
I T (M= = 6@0) lras OM).
Also, we have
D —g(X) L U+g0X)—g(X)
I WXY”P.Z— I - e XY [pa

1
S; (MUY llp2+ 1 —8Y lr2)

1
= (C+VClg—glra)

—0 (1)

by 1UYiip., < C and Ep[Y?|X] < C.
Finally, we obtain

I 374 (W, 60, p. Ay m2) — 8920 lp2<0 (ex) + O (ey) + O (1) O (N™'7?)
+0(1) 0 (N'7?)
=0 (e),

© 2020 Royal Economic Society.



18 N.-C. Chang

where I assume that &y converges to zero no faster than N~"2.
For (A.11), notice that the derivative is

1-24  D—g(X)
P21 =2 1—g(X)
Y D —g(X)
" pPrAd =2 1—g(X)
Define 0,0,120 = 0,0,¥2(W, 8¢, po, Mo, M20). Then, we have
0,0, (W, 00, p, Lo, 12) — 0,0, Y20 =0,0, %2 (W, 0o, po, kos m2) — 0,.0,¥20

+ 80,92 (W, 66, P, ko, m2) (P — po) »
where p € (p, po). By the triangle inequality, we obtain

00p Y2 (W, 0, p, A, m2) = (T =1Y —£(X))

1
| 9,.0,%2 (W, 6y, p, Ao, n2) — 3,.0,VY20 ”P,ZE; | 3,32 (W, 6y, pos Mo, m2) — 0. %20 P2

+ 1| 0,92 (W, 60, P, 2o, m2) lp2l p = po | -
Using the same arguments in (A.9) and (A.10), one can show that the high-order term is bounded by
2—4)y D—-—gX)
PG =) 1 =g (X)
2Y D —g(X)
o PPro(l —2o) 1—g(X)
<0(1).

I 8,8, %2 (W, 6o, By 2o, 12) 2= ||

(T =2)Y = LX) llp2

lp2

Together with (A.8), we obtain
| 90,2 (W, 60, p, Ao, 72) — 020,¥20 |p2<0O (en) + O (1) O (Nfl/z)
=0 (en),
where I assume that &y converges to zero no faster than N~72, O

Proof of Theorem 3.2. In Step 1, I show the main result using the auxiliary results

7 - 12
sup  (Ep [l 91 (W. 60, p. i) = 01 (W, 6. po. o) IP]) " < ew. (A.12)
PEPN.mETN
= 1/4
(Ep [t (W, 60, po. m0)*]) f<q, (A.13)
where Py and Ty are specified in the proof of Theorem 3.1, C; is a constant, and
- I D—-g(X) Do
Y (W, 0, pon)=——"—-F (1) —-Y(0) —£(X)— —.
pl—gX) P

In fact, we have Ep [(1}1 (W, 6, po, mo))z] = Xjo. In Step 2, I show the auxiliary results (A.12) and (A.13).
Step 1. Notice that

R ~ ~
£ = S B [ (W0, ) + 61 (0 - 0]

Ly 1 D -3 (X) ) D@)z
Ké 'k[<Pkl—gk<X)( ) =Y 0 — bw (X)) — —
1 & ) ) .

:EZ[”" [wl (W, 0, be, i) ]

© 2020 Royal Economic Society.



Double/debiased machine learning for DiD models 19

where the second equality follows from G| p= —0/py.
Because K is fixed, and is independent of N, it suffices to show that for each k € [£],

I =Bk [‘Zfl (W. 0, p. ﬁlk)z] — Ep [¥1 (W, 66, po, mo)’]l = op (1).
By the triangle inequality, we have
Iy < L+ Iy,
where
Ly =B« [T/_/l (W, 0, D ﬁlk)z] — Lk [1/_/1 (W, 6o, po, 7710)2]|,

L = |Evi [¥1 (W, 60, po. m0)’ ] — Ep [¥1 (W, 60, po. mo)*]l-
To bound I, , we have
Ep[I7] <n 'Ep [V (W, 60, po. m10)*]
§n_le,

where the last inequality follows from (A.13). Then, we have I, ; = Op(n'?).
Next, we bound /3 ;. This part is essentially identical to the proof of Theorem 3.2 in Chernozhukov et al.
(2018). I reproduce it here for the reader’s convenience. Observe that for any number a and §a,

| (a + 8a)* — a® |<2(8a)(a +8a).
Denote ¥; = 1 (Wi, 6o, po. n10) and ¥; = v (W;, 6, pr, flie), and a = ¥, a + 8a = ;. Then,

1 A 1 N
L= () =@ 1= =371 () = @’ |

iely iely

2 - A
=X V= I (1 L+ 19— v )

iely
12 172
2 A 2
< Zw/f, i I? =D (R AEARTES7S)
lElk n iely
172 12 12
2
< Zw, e Zw, ¥
zeIA n iely 'EIk
Thus,
LoSSvx |- Z Il Y1 (Wi, 60, po, mo) I* +Sn |,
ielk
where

1 _ ~ . R -
Sy = n Z 191 (Wir 8, b k) = 1 (Wi 6o, po, o) I

iely

© 2020 Royal Economic Society.



20 N.-C. Chang

Because % ZtE[A || 1 (Wi, 0o, po, no) 1I>= Op (1), it suffices to bound Sy. We have the decomposition

w == 19 Wa, B0, s i) + o (Ws, 8, s k) (6= 60) = J1 (Wi, 6o, po, mo) I

i€l

D; 7 2
- Z I Y1 (Wi, 00, e flix) + - (9 60) — V1 (Wi, 6o, po, mo) |l

zelk

—Zn— (6 —00) I” + Zn U1 (Wi, 60, pr ) — ¥ (Wi, 60, po, mo) |17,

iely i€l
where 6 € (9 — 6y). The first term is bounded by

onA 6 —60) I°< 72@—) 16— 6017

iely iely

= —Z( >+oP<1) 16 -6l

iel;
=0p (1) x Op (N7').

Also, notice that conditional on (W;);. It both p; and #jy; can be treated as fixed. Under the event that
Pr € Py and fjy; € Ty, we have

Ep [H U (Wi, 00, P flie) — ¥ (Wi, 8, po. mio) II°] (Wi)ielkf:|

< sup  Ep[l ¥ (Wi, 6. p.m)— 1 (Wi, 60, po. mo) )] = (en)?

PEPN.mETN

by (A.12). It follows that Sy = Op(N~" + (ey)?). Therefore, we obtain

=0p (N'?)+0p (N +ey) =0p(1).
Hence, 21 2 PITR
Step 2. It remains to prove (A.12) and (A.13). By Taylor series expansion,

U1 (W, 00, p,m) — U1 (W, 00, po, mo) =¥ (W, 60, po, m) — ¥ (W, 6o, po, 110)
+ 3,¥1 (W, 00, p, m) (p — po)
=y (W, 6o, po, m) — ¥1 (W, 6, po, mo)
+3,¥1 (W, 60, p, m) (p — po),

where p € (p, po). Then, we have

Il %1 (W, 6o, p. 1) — Y1 (W, 0o, po, mo) llp2=< || ¥1 (W, 6o, po, 1) — Y1 (W, 6o, po, mo) llp2

+1 —;(Y(U—Y(m—el(xn
V4 —gX
D6,

+— llp2xlp—pol.
P

© 2020 Royal Economic Society.



Double/debiased machine learning for DiD models 21

By (A.1), we have 11 1(W, 0, po, n1) — ¥ 1(W, B0, po, nio)ip,2 = O(ey). The term in the second line is
bounded by

1 U+ go—

Do,
|| - (U+510—€1)||P2+|| llp.2
1- p?

1 1
51_)7“ uvy ||P2+ ”U(ZIO_EI)”PZ

1
+—=—1Vig—8 ||P2+f|90|
P

1
e g0 — g1 llpall €io— €1 llp2
K

sﬁ (C+vCltw—tilra+VCllgo—g lr2)

c 1
+—=—+ =l go—& llr2ll 1o — 41 llp2
p2pok P
=0 (1),
where Luse WUViiip 2 < uUVynp 4 < C, Ep[UPX] < C, Ep [V | X] < C, and
Y (1) =Y (0) D — go(X)
| 6o = | Ep[ : |
Po I —go(X)

1
<— |Ep[(Y () =Y O)UT|
PoK
1
=— | Ep[lio(X)+ VU] |
Pok

1
=— | Ep[UV1]]|
Pok

C

57
Pok
by |[Ep[UV1]] <uUVyip 4 < C. Thus, we obtain

I 1 (W, 60, p. 1) — ¥ (W, 6o, po, mo) llp2<O (ey) + O (1) O (N~'7?)

=0 (en),
where I assume that &y converges to zero no faster than N~'2.
For (A.13),
_ 1 Uv, D8
| Y1 (W, 6o, po, mo) llpa= Il — ] —— llpa
o1 — 8o Po
1 UV,
<]
pol

1 1
<— 1UVillpa+— 160
Pok Po

C C
= T
Pok Pk
because 1UViip 4 < C.
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22 N.-C. Chang

Repeated cross sections:

In Step 1, I show the main result with the auxiliary results:

sup (Eplll %2 (W, 00, p, A, Gazo. 12) — V2 (W, 0o, Po, ko, Garos 120) 1P < en, (A.14)

PEPN AEAN M ETN
- A 174
(Ep [¥2 (W, 60, po. Ao, Gaio. m0)*]) " < Ca, (A.15)

where (Py, Ay, Ty) are specified in the proof of Theorem 3.1, C; is a constant, and

) 1 D—g(X) Do
P2 (W0, b G o) = 5 o (T = Y = 2(0) = =2+ G (T = ).

In fact, we have Ep [(1/32 (W, 0o, Pos Ao G2y 7720))2] = ¥y. In Step 2, I prove (A.14) and (A.15).
Step 1. Notice that

A 1 < A ~ . N A2
2 =% Z Bk [('ﬁz (W, 0, b, k) + Gap (D = pi) + G (T — ) ]
k=1
1 & - <A N2
=X Z Eox [lffz (W. 0, pr. ks, Gor Aok ] ;
k=1
where the second inequality follows from Gzp =—0/p .

Because K is fixed, which is independent of A, it suffices to show that

Je =Bk [1_02 (W. 8, pr. ki, Gas, ﬁZk)z] — Ep [Y2 (W, 60, po. ko, G0, 120)* ]| = 0p (1).
By the triangle inequality, we have
Je = Js ik + Joks
where
s = Bk [1_02 (W. 8, pr. ki, Gas, f)zk)z] — Evi [¥2 (W, 60, po. 2o, Gaxo, 120)’]l

Jou = |Eni [¥2 (W, 60, po. 2o, G20 120)° | — Ep [¥2 (W, 60, po. Ao, Gaso. m20)]I-

Using the same arguments for /5 ; and 14 ; in the proof of repeated outcomes and the conditions (A.14) and
(A.15), we can show Js = op(1) and Jg = op(1). Hence, 22 S 0.

Step 2. It remains to show (A.14) and (A.15). Define V29 = ¥ (W, 6y, po, Ao, G2s0, 120)- By the triangle
inequality and

V2 (W, 0o, po. ko, Garos 12) — Va0 = Y2 (W, 6o, po, ho, 12) — Y2 (W, 6o, po, Ao, 120) »
we have

Il Y2 (W, 6, p, Ay Gazo, 12) — Yo llp 2= Il Y2 (W, B0, Po, 2o, 12) — Y2 (W, 6o, po, o, 0120) Il p .2
+ 11 392 (Wi, 60, po, &, Garo, m2) llpal A — Ao |
+ || 8,92 (Wi, 0o, P, A, Gazo, m2) lp 2l P — Po .
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where p € (p, po) and & € (), A). The term in the second line is bounded by

_ _ 11-20] . D—g(X) _
I 3% (Wi, 60, po, &, Gargs ) llpa<—— — |l (T =Y = 6(X)) llp2
por?(1-2x)  1-8X)
1 D —g(X)
+ —= = Y +1G
o (1= 3) I = e¢X) XY llp2+1Gaol

=0

by the same arguments as in (A.9) through (A.11), and

1 -2\ D — Y D —
| Goso 1= | E» [— . o (T = 20 Y — o) — g‘)}
A (=21 po 1 —go ho(L=20)po 1 —go
<=l e v —— o
T3 = 1) pox ! ’ Ao (1 —2o) pok "
§ |1—2)\2| 1 c
(1 = xo)* pok Ao (1 = Xg) pok
—0 (1)

because |Ep[UV,]| < 1uUVaiip,4 < Cand |Ep[YU]| < C. Also, we have

18,9 (Wi, 6o,y 3 G 12) 2= 1 22850 ayy — 600 I
! Al =0p T 1-g(X) '
D6,
= llr2
p
<0 (1)
by the same arguments as in (A.9) through (A.11), and
D — gy (X)
160 1= 1 Ep [,¢(T—AO)Y] |
Po (1 — g0 (X))

< | Ep (T —2o) YUT|

/
0

1
=—— | Ep[(La (X)+ Vo) UT |
Pok

1
=— | Ep[UVa]|
Pok

c

S PR
Pok

because |Ep[UV>]| < 1UV,i1p,4 < C. Together with (A.5), we have
I 92 (W, 60, p, &, G0, m2) — Y20 lp2<0 (en) + O () O (N"2) + 0 (1) O (N™'7?)
=0 (eyn),

where I assume that &y converges to zero no faster than N~"2.
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For (A.15), we have

1 uv, D6,
—— 4G T — X\
r(I—=2X)pol—g  po G o llps

Il ¥2 (W, 6o, po, 2o, G210, M20) Il pa= |l

1
S—————— 1UVallpa+— 16|+ | Gaxol
Ao (1 = Xo) pok ! Po g

<0 (1)
because 1UV;i1p, 4 < C. O O

LEMMA A.l (CONDITIONAL CONVERGENCE IMPLIES UNCONDITIONAL). Let {X,,} and {Y,} be
sequences of random vectors. (i) If for €,, — 0, Pr(|| X,y |> €m | Yn) S 0, then Pr(iX,n > €,) — O.
This occurs if E || X, |7 /€2 | Y] 50 for some q > 1, by Markov’s inequality. (ii) Let {A,,} be a
sequence of positive constants. If 1X,,i = Op(A,,) conditional on Y,, namely, that for any £, — 0o,

Prl Xp |> €nAm | Yn) 50, then WXl = Op(A,;) unconditionally, namely, that for any €, — oo,
Pr(l| Xm > €mAn) — 0.
PROOF: This lemma is the Lemma 6.1 in Chernozhukov et al. (2018).
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