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S.1 Notation

We briefly recall here the notation that was used along the paper. Moreover we introduce some
new notation to easy the the illustration of the MCMC scheme.

Let Y and X the n x g and n x p matrix of the responses and predictors, respectively. Let
I' = {1 <1< L1<k<gq1l<j<p} the matrix of latent binary values, where L is
the number of simulated chains, ¢ is the number of responses and p is the number of predictors
and let Ty = (Vig, - Yiky - - - ,’yLk)T the L x p latent binary matrix for the kth response in
expanded state-space, where i = (Yik1, - - - Vikjy - - - Vikp) * - Similarly let Q@ = {wy;, 1 <1 <
L,1 <k <gq,1<j<p} the matrix of selection probability with wy; = wy; X p;; and let 2, =
(Wiky -, Wik, - - . ,wrk) T the Lx p selection matrix for the kth response in expanded state-space,
where wy, = (Wik1, -+ Wikj, - - - Wikp) "~ - For a given chain [, let w; = (wi1, .., Wik, - -+, wig) T
and p; = (piy-- - pijs---,p1p)" the ‘row’ and the ‘column’ effect, respectively. Finally the
temperature ladder for each regression equation & is denoted by t; = (t1g, ..., tu,. .., Lk)T

withl =t <top < ... <tk
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S.2 Technical details of MCMC implementation
S.2.1 Full conditionals

Given (6), to sample the binary latent value 7, the selection probability wy; = wy, X p; and

the scaling coefficient 7, the tempered full conditionals in the expanded state-space are:

Pyl -+ ) o< Dyl X e, )M TT0_ ) p(in leonws ) 0

o plwir| ) o< plw) ™ Ty p(yiw |y )/

plpijl -+ ) o< plpyg) TTh—y p(viks | wies) /e
o p(r|--+) ocp (r) [Ty TTioy p(yel Xy, 7)1/

Note that in the full conditional p(p;;| - - - ) the prior density p(p;;) is not tempered and the reason

will be explained in Supporting Information S.2.3.

S.2.2 T update

The update of the elements of the ¢ X p latent binary matrix I' is of paramount importance and
efficient algorithms are required in order to visit the very large model space (27)? and to escape
from local modes. In the following we provide some technical details omitted from the main
text of the local and global moves that we found useful to implement. At each sweep of the
algorithm each/both of moves can be applied to all the ¢ regression equations or to a random
without replacement subgroup of them (see Richardson et al. (2011) for alternative subgroup

selection with adaptive probability).
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Local move

We first introduce the single chain sampling scheme and then we extend the results for multiple
chains. There are many ways to update locally -, but we found useful to apply an extension of
Bottolo and Richardson (2010) proposal, where traditional samplers used in Bayesian variable
selection (i.e. MC3, Gibbs sampler and Reversible Jump) are replaced by a Metropolis-within-
Gibbs sampler known as Fast Scan Metropolis-Hastings (FSMH). Let Ly,(j=1) = p(yk| X, Yr(j=1),T)
and Lyj—0) = p(yr| X, Yu(j=0), T) With Y(j=1) = (Vets- -y = 1., Yep) T and vyijmo) =
(Vi1 -+ sk = 0,...,7kp)" the marginal likelihood once the regression coefficients By and
the residual error variance o} are integrated out. Moreover let p(yx; = 1|lwy;) = wg; and
P(Vk; = OJwy;) = 1 — wy;. If a Gibbs sampler update is performed, a new value of 7;; is drawn

from a Bernoulli distribution with probability

Wy Li(j=1)
(1-— wkj)Lk(j:()) + Wiy Lr(j=1)

O = (S.1)

if, in the previous iteration, 7;; = 0 since by independence p(vi; = 1|vp\j, wWi) = Pk =
1|wg;) (with an obvious modification if v,; = 1 in the previous iteration). However in a sparse
framework, where p,, < p, this probability is dominated by wy; and if wy,; is small (because
for instance wy, or p; or both are small) also 0;,; will be small. For instance, it easy to show that
when p,, < p and therefore by Kohn et al. (2001) a;, < by, the sampled value of wy, is, on

average, very small

p"}’k + a‘k

F(w = .
(k1) P+ ag + by

It turns out that, if ~y,; = 0, it is likely that also the new sampled value will be zero. Kohn et al.

(2001) propose to split the acceptance probability of the Metropolised version of (S.1) (to add a
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new covariate in the regression)

wijLr=1)  Qri(1 = 0)
(1 — wy) Li(j=0) Qrj (0 — 1)

1A

where (- — -) is the proposal density, into two parts: firstly, sampling a proposed value of
Vkj» Vij» from a Bernoulli distribution with probability wy; and then, if 7; ; # 714, accept the new

value with probability

Loz
1 A k(j=1)
Li(j=0)

since Qk; (0 = 1) = wy; and Q;(1 — 0) = 1 — wy;, with an obvious modification if a deletion
is proposed. The advantage of this scheme is that the time consuming evaluation of the marginal
likelihood Ly; s limited to the set of variables where # Vij-

The same sampling scheme can be extended to a parallel tempering set-up as illustrated in
Bottolo and Richardson (2010). In this case the Metropolis-within-Gibbs acceptance probability

of the jth predictor in the kth regression and the /th chain is

1/t
Lyg(i2a)

1t
Loy

1A

I

where Lllk/(tjl.’“zl) = [p(yx| X, Yix(j=1), )]/ and similarly for LM@’;O), since adding (deleting) a

covariate in the regression equation is proposed with probability Q; (0 — 1|t;x) = @ (tur)

(Quj (1 = 0[ty) = 1 — @y (tir)), with

1/t
Wikj

Oy (i) =
’ Wi 4 (1 = wygy) Mo

the renormalised probability [p(yx; = lekj)}l/ bk = wllk/;”“ and t;;, the temperature attached to
the kth regression in the /th chain. Further discussion and advantages of this sampling scheme

over MC?, Reversible Jump and Gibbs sampler in a multiple chain set-up when the number of
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predictors is very large with respect to the number of truly associated variables are presented in
Bottolo and Richardson (2010).
Global moves
We recall that global moves are bold moves that try to swap part or the whole state of two ran-
domly selected chains among the population of chains (Liang and Wong, 2000). In the following
we present the accepted probability of crossover operator (partial swap), exchange operator and
all-exchange operator (full swap).

Suppose that in the kth regression two new latent binary vectors -}, and ~;, are generated
from two preselected chains, [ and r, according to some crossover operator (Liang and Wong,
2000; Bottolo and Richardson, 2010). The proposed population of chains in the kth regression

L5 = (Yiky Vs Yo% - - - Yox) | is accepted with probability

exp { f(Vilwu, T) [t + F(Vielwrk, T) [tk } Qu(T, Ti|Qp, 7, 1)

1A )
exp {f(viklwi, T) /tie + f(Ver|wrk, ) /toi } Qi(Tr, T3 Qe 7, 81)

where f(viu|wi, 7) = log(p(yr| X, vir, T))+Zj log(p(Vikj|wikj)) and Qp(T'y, <[, 7, ty) is the
proposal density which is defined as the product of the selection probability and the crossover
operator probability (Liang and Wong, 2000). The transition density depends on the selection
probabilities €2 in the kth regression, the scaling coefficient 7 and the kth regression tempera-
ture ladder ¢;,.

The exchange operator can be seen as special case of the crossover operator where the whole
information contained in the two preselected chains with uniform probability [ and r are tenta-

tively swapped with probability

exp { [ (Yok|wi, ) /tie + f(Yie|wr, T) /ter }

A exp { f (vie|wi, 7) [t + [ (Vor|wrie, T) [tk }
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since Qi (g, T5|Q%, 7, tr) = Qr(T;, T'k| 2, 7, t;) because the selection probability is uniform
over the L chains (random selection without replacement).
Finally, in the all-exchange operator the chains whose states are swopped are selected at

random with probability equal to

B Dk
Prk = U L(@-1)/2 = 0
h=1 Phk

(S.2)

where in (S.2) each pair (I, < [) is denoted by a single number h, ppr, = P,k including the

rejection move, h = 1 with ]5(177,);9 = exp{(f(’yrk|wrk, 7') — f(’ylk|wlk, T))(l/tlk — 1/trk)}-

S.2.3  update

For each chain [, [ = 1,..., L, we update the elements of the ¢ x p selection probability matrix
2 by using a Metropolis-within-Gibbs sampler with adaptive proposals. Let wj, and pj; the
proposed new values of the kth row effect and jth column effect in the /th chain respectively.

The acceptance probability of the two parameters is

1/t
@i (1w Betafwii au bl IO @D Qe ) ¢
Wit (1 = wyg )PP Beta(wigs Gy, by ) [T (A (wi))] Que(Niks Aly)
and
* . d - q ’Y 1=k, 1t *
Ga(pij; oy do,)| T (7 (Whiy )9 (1 — wi; )7 Qi (75 1)
LA T — S (S4)
Galpyjs Cpy, dp, )| (07 k 11 Wik (1 — wypg )7k Qlj(s%‘,%j)

where in (S.3) p,, = Vi1, i = logit(wir), J(A~!(wi)) is the Jacobian of the inverse trans-
formation evaluated in wy; and Beta(-) is the beta density function, while in (S.4) J(o " (pi;))
is the Jacobian of the inverse transformation evaluated in py;, wy;, ;= Wi X pfj, and Ga(-) is the

gamma density function. As a technical point, since the prior density p(p;;) cannot be indexed
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by £, in order to write the acceptance probability (S.4), in our model the prior for p;; is not
tempered.
We sample the proposed new values wj), and p;; after suitable transformation from Nk, +) =

d( M, 573,(b)) and Q5 (215, -) = @(¢puj, 57;(b)), respectively, where s, (b) and s, (b) are the adap-
tive proposals’ standard deviations at batch b and ¢(+) is the normal density function. Following
Roberts and Rosenthal (2009), asymptotic convergence is obtained enforcing the diminishing
adaptation condition and imposing the bounded convergence condition. For the former con-
dition, after the batch bth of 50 sweeps, say, the proposals’ standard deviation are updated as
follow: sy,(b+ 1) = s;.(b) £ 05(b) and s;;(b + 1) = s;;(b) & d4(b), where we add (subtract)
to the current values s;;(b) and s,;(b) the quantity d,(b) = min{0.01,b~/2} if the acceptance
frequency of (S.3) and (S.4) are higher (lower) than the optimal acceptance rate (0.44), respec-
tively. The latter condition is fulfilled assuming that Ly < s;; < Uy and L, < s;; < U, for

some large positive (negative) values of Uy and U, (L) and L,,).

S.2.4 7 updates

The variable scaling coefficient is common to all the q regression equations and to all L chains.

A new value 7* is obtained using a Metropolis-with-Gibbs with acceptance probability

q

=

Galr; 1/2, /2 O T TT plynd X 7 o
(0.5

~

1k

1A

Q

N

Ga(r;1/2,n/2)[J(¢~1(7))] 1p(yk\X,%k7 T/t

)
I

k

where ¢ = log(7), J(¢»~1(7)) is the Jacobian of the inverse transformation evaluated in 7,
Ga(+) is the gamma density function and Q (v, -) = ¢(¢, 1). As in (S.4), the prior density is not

tempered since we are sampling a common value across the ¢ regressions and the L chains. The
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rational of this choice, for a given £, is illustrated in detail in Bottolo and Richardson (2010).

S.2.5 Temperature placement

During the burn-in, for each regression equation k, we automatically tune the temperature ladder
in order to reach a specified acceptance rate of the exchange operator. In particular we chose
as temperature ladder the geometric scale, such that the ratio of two consecutive temperatures
is constant, £(41)k /tu. = 7. Then after batch bth, say 100 sweeps, we update 7 as follows:
r(b+ 1) = r(b) & 0,, where we add (subtract) to the current values 7 (b) the quantity 0, if the
acceptance frequency of the exchange operator are higher (lower) than the optimal acceptance
rate (0.50). For details on how to fix the value of ¢, interested reader can refer to Bottolo and

Richardson (2010). For a discussion of different temperature scales, see Atchadé et al. (2010).

S.3 Post-processing

For a fixed k&,

n

t s s t S s
~ P lyy) = Z (el X AL 7O T il i (o)

s=1 j:]-

(t) = ( (®) (t)

is the model posterior probability for the kth regression, where Vit Vi q) is latent

binary vector recorded at the tth sweep of the algorithm, p(yx|X, 'y( ) T(S)) is the marginal

likelihood and 7, w}") = w}”

X p;;) and p§-s) are the values of the parameters recorded at the
sth sweep.

When the ¢ regressions are jointly considered, the configuration posterior probability is de-
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fined as
d : (®) ) - (t) ) )
t s s (t s s
p(CVNY) = Z N T el X" 7)) TT i 1w (el
s=1 k=1 j=1

with T'® the configuration of the latent binary matrix at sweep tth.
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